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1 Topology I
1.12 Section 12: Topological Spaces

Definitions: topology, open set, closed set, trivial topology, discrete topology,
finite complement topology, finer, coarser
Main Idea: Introduce the idea of a topology on a set.

Definition 1.12.1. A topology 7 on a set X is a collection of subsets of X
such that:

1. ¢ and X are in T,

2. 7 is closed under arbitrary unions; i.e., if {Uy}aecs is an indexed subcol-

lection of 7, then U = U U, is in 7, and
acJ

3. 7 is closed under finite intersections; i.e., if {U;}?_; is a finite subcollection

n
of 7, then U = m U; is in 7.
i=1

We write (X, 7) to refer to the set X with topology 7. Together they are a
topological space. If the topology is obvious, we often just write X.

Definition 1.12.2. If U C X isin 7, we call U a open set.
Definition 1.12.3. Let A C X. We say A is a closed set if X \ A is open.

Definition 1.12.4. (X, {0, X}), the smallest possible topology on X, is called
the trivial topology. The only open sets are () and X itself.

Definition 1.12.5. (X, P(X)), the largest possible topology of X, is called the
discrete topology. Every subset of X is an open set.

Definition 1.12.6. Let 7y = {U C X |U =0 or | X \ U| < oo}. (X, 7y) is the
finite complement topology.

We can compare two topologies on a set X:

Definition 1.12.7. If 7 and 7’ are topologies on X, 7’ is finer than 7 if 7 C 7/.
We also say 7 is coarser than 7'.

The gravel analogy doesn’t sit well with me yet: Let the gravel be the open
sets of 7. We smash the gravel into smaller chunks, creating 7/, and 7’ is finer
than 7. It’s easier for me to think 7 is coarser than 7" if 7 C 7/.

Note also that two topologies on X need not be comparable.



1.13 Section 13: Basis for a Topology

Definitions: basis, standard topology, lower limit topology, K-topology
Main Idea: It’s actually rather hard to list every open set in 7. A basis lets
us describe the topology anyways.

Definition 1.13.1. A collection of subsets B of a set X is a basis for a topology
on X if:

1. X = U B; i.e., for all z € X, there exists B € B such that x € B, and
BeB

2. if x € By N By, then there exists By € B such that x € B3 C By N Bs.

Condition 2. can be illustrated succinctly:

» &

Theorem 1.13.2. If B is a basis, then the topology T generated by B is the
collection of U C X such that for all x € U, there exists B € B such that
re BCU.

Proof. We show that 7 is a topology.
e () € 7, vacuously.
e X € 7, as B is a basis exactly when X = U B, so for all x € X, there

BeB
exists B € B such that « € B which is naturally a subset of X.

e Closed under unions: Suppose {U, }acs € 7 and let U = U U, Ifx €U,

«
then x € U, for some «. Since U, € 7, there exists B € B such that
reBCU,CU,soU €.

e Closed under finite intersections: We give the structure of an inductive
proof: Let Uy,Us € 7. If x € Uy N Us, then there exist By, By € B such
that x € By CU; and ¢ € By C Uy. Then © € By N Bsy, so there exists



B3 € B such that x € B3 C ByN By CU; NUs. Thus Uy NU; € 7. By
induction, if Uy, ...,U, € T, so is ﬂ Ui;. O

i=1

But it turns out there are other ways to characterize the topology 7 generated
by the basis B.

Lemma 1.13.3. Let X be a set. Let B be a basis for a topology T on X. Then
Uerifand only if U = UBQ for some collection {B,} C B.
«

Proof. It U = U B, well, since B, € B C 7 and 7 is closed under union, then

[e3

Uer.
Conversely, if U € 7, then for all z € U, there exists B, € B such that = €
B, C U (Theorem [1.13.2]). Well, that means U = U B, for the collection

zeU
(B,} CB. O

Note that the basis for a topology is not unique! We had tons of choices in
the lemma above.
What about finding a basis, given a topology? Here is one way:

Lemma 1.13.4. Suppose (X,T) is a topological space and C C 7 for which:
for allU € 7, if x € U, then there exists C € C such that t € C C U.

Then C is a basis, generating the topology 7'. Furthermore, 7/ = 7.

Proof. We first show that C is a basis; recall Definition [1.13.1

e X = U C? Yes. As X € 7, if x € X, then there exists C,, € C such that
cec
z € C, C X. Therefore X = UC’CE.

e If x € By N By, there exists B3 such that x € By C By N By? Yes. Let

C1,Cy € C C 7. Then Cy N Cy € 7. Thus there exists C5 € C such that

x € C3 C CyNCy. Therefore, C is a basis, generating 7/. Let us now show
=T

We see that 7 C 7/: Let U € 7. Then there exists C € C C 7’ such that

ze€CCU,soU e, by Theorem [1.13.2
Now see that 7/ C 7: Let U € 7. By Lemma [1.13.3) U = UCa for

Cy} CCCT,s0U e 7. Therefore, 7/ = 7. O
{Cat}



Lemma 1.13.5. Let B and B’ be bases for 7 and 7’ on X. Then 7 C 7' if and
only if for all x € X and B € B such that x € B, there exists B' € B’ such that
r € B CB.

Proof. First, assume 7 C 7/. Fix an z € X and B € B where x € B. Then as
B C 1t C 7/, Bisopenin 7. Since 7’ is generated by B’, there exists B’ € B’
such that x € B C B (Theorem , as desired.

Conversely, assume for all x € X and B € B with x € B, there exists B’ € B’
such that x € B C B. Let U € 7 and « € U. Then Theorem [1.13.2] gives
that there exists B € B such that x € B C U. Thus there exists B’ € B’ such
that v € B’ C B C U, so U € 7/. Therefore, 7 C 7’. O

Lemma [1.13.5] can show that the Fuclidean ball topology and the square
metric topology, Bg and B, are the same. Compare each of their bases; show
each is finer than the other.

B/

Definition 1.13.6. Let B = {(a,b) | a,b € R,a < b}. The topology generated
by B is called the standard topology, and without clarification, this is the
default topology on R.

Definition 1.13.7. The topology generated by B’ = {[a, )} is the lower limit
topology on R, denoted R; for (R, 7).

Definition 1.13.8. Let K = {1 |n € N}. Let B” = {(a,b)} U {(a,b) \ K}.
The topology generated by B” is called the K-topology, and (R, 7") is written
Ry.

Lemma 1.13.9. The topologies of R; and Ry are strictly finer than the stan-
dard topology on R, but are not comparable with each other.

Proof. Let 7, 7/, and 7" be the topologies of R, Ry, and R, with bases B, B,
and B”. We use Lemma to compare topologies.

Let z € (a,b) € B C 7. Then z € [z,b) C (a,b). And if [z,d) € B C 7/,
there does not exist (a,b) € B such that = € (a,b) C [x,d). Therefore 7 C 7.



Now we compare R and Rg. Let = € (a,b) € B C 7; (a,b) is also a basis
element of 7’ containing x. However, in the other direction, if B” = (=1, 1)\ K €
B",0 € B"” but no open interval (a, b) exists such that 0 € (a,b) C B”. Therefore
TC7".

Now we show 7" and 7/ are not comparable, i.e., 7/ € 7 abd 7/ & 7.

For 7" Z 7", let [-1,0) € 7/. Then no B € 7" satisifies —1 € B” C [-1,0).

For 7 & 7/, let (—1,1) \ K € 7. Then no B’ € 7/ satisfies 0 € B’ C
(-1,1)\ K. O

1.14 Section 14: The Order Topology

Definitions: order topology
Main Idea: Let’s explore this specific topology.

Suppose X is a simply ordered set; we can define intervals in the usual way:
(a,b) ={z € X | a < z < b}. We can define half open and closed intervals as
well.

Proposition 1.14.1. Let X be a simply ordered set and let B be the collection
of subsets of X where at least one holds for each B € B:

1. B=(a,b),
2. B = [ag,b) if ap is the least element (if any) of X, or
3. B = (a,bo] if by is the greatest element (if any) of X.
Then B is a basis and we call the topology generated by B the order topology.
Note that if X = R, then the order topology is the standard topology.

Example 1.14.2. Let X = {1,2} x N. We can order X lexicographically
(dictionary order): (ag,bg) < (a1,b1) if ag < a1, or ap = a1 and by < b;.

We can see that this topology is not the discrete topology, because {(2,1)}
is not open. To see this, see that the ordering is

(1,1),(1,2),(1,3),(1,4), ... (2,1),(2,2),(2,3), ..

Any open interval containing the point (2,1) contains (1,n) for large n, so
{(2,1)} is not open, and hence this is not the discrete topology, where every set
is open.

1.15 Section 15: The Product Topology

Definitions: product topology, projection
Main Idea: We define the product topology in terms of its basis. We’'ll define
it explicitly later.



Definition 1.15.1. Let X and Y be topological spaces. The product topol-
ogy on X X Y is the topology generated by the basis B = {U xV | U C
X is open and V C Y is open.}.

Let’s confirm that B is a basis (recall Definition [1.13.1]):

1. As X C X isopen, Y C Y is open, we have X xY € B, so X xY is a
union of sets in B.

2. If Uy x V3 and Uy x V5 GB, then so is (U1><V1)ﬂ(U2><V2)=(U1ﬁU2)><
(VinWa).

Thus B is a basis. Note that B is not a topology though. It is not closed under
unions; the union of two rectangles in X x Y is almost never a rectangle, and
hence not in B. But it is open.

Example 1.15.2. The product topology on R> = R x R gives the standard
topology on R2.

Note that the topology of the space X x Y is generated by the basis of
products of basis elements of X and Y. So for the standrard topology in R?,
the basis consists of rectangles (a,b) x (¢, d).

Definition 1.15.3. A projection is a map m; : X7 x X5 — X; such that
mi(x1,x9) = x; for © = 1,2. We can actually generalize projection to any
number of factors.

1.16 Section 16: The Subspace Topology

Definitions: subspace topology
Main Idea: Explore the subspace topology and prove a few ideas.

Definition 1.16.1. Suppose X is a topological space and Y C X. Then the
subspace topology on Y is the collection v = {UNY | U C X is open.}.

Lemma 1.16.2. If B is a basis for a topology on X, then By = {BNY | B € B}
18 a basis for the subspace topology on'Y .

Proof. Suppose U C X is open, and y e UNY. Asy € U C X, there exists
BeBsuchthat ye BCU. Thusye BNY CUNY. O

Example 1.16.3. If Y = [0,1] C R, a basis for the subspace topology then
consists of Y N (a, b):

e (a,b)ifa,bey,
e [0,b)ifadY,beY,
e (a,1]ifa€eY,bgy,



e Por[0,1]ifa,bg Y.

Example 1.16.4. Let Y = [0,1] U {2} C R. Then {2} is open in the subspace
topology as {2} = (3,3)NY.

So you can have sets open in Y that are not open in R; i.e., [0,1] or {2}.
BUT

Lemma 1.16.5. Let Y be a subspace of X. If U is open in'Y, and Y is open
in X, then U is open in X.

Proof. If U is open in Y, then U = V NY for some V C X where V is open. So
if Y is open in X, then U = V NY must be open in X. O

Next, we prove a claim we alluded to in passing in the previous section:

Theorem 1.16.6. Let A C X and B C Y. The product topology on A X B,
call it T, is equal to the subspace topology T/ with A x BC X x Y.

Proof. By definition, a basis for 7 consists of {(UNA) x (VNB) | U

X open,V C Y open}. And a basis for 7/ consists of {(U x V) N (A x B) |
U C X open,V C Y open}. Since (UNA) x (VNB)=(UxV)n(Ax B),
these bases are equal.

[:J

1.17 Section 17: Closed Sets and Limit Points

Definitions: interior, closure, limit point, convergence, Hausdorff
Main Idea: Interiors and closures are what you’d expect. Limit points as well.
Convergence is screwy, but Hausdorff spaces mitigate that.

Recall Definition [1.12.3} a set C' C X is closed if X \ C is open.

Theorem 1.17.1. Let Y C X be a subspace. A set A CY is closed in'Y if
and only if A=CNY for some closed set C C X.

Proof. First, if C C X is closed, then X \ C is open, so Y N (X \ C) is open in
Y by Definition Hence A=CNY =Y\ (YN(X\C))isclosedinY.

Next, if A is closed in Y, then A = Y \ U for some U open in Y. Then
U=YNV for some V C X open, and hence A=Y\ (Y NV)=YN(X\V),
where X \ V is closed in X. O

Definition 1.17.2. Let A C X. The interior of A, Int(A) C A, is the largest
open set inside of A, i.e., the union of all open sets in A.

Definition 1.17.3. Let A C X. The closure of A, A C A, is the smallest
closed set containing A, i.e., the intersection of all closed sets containing A.

Lemma 1.17.4. Let Y be a subspace of X and let A CY. The closure of A in
Y equals the closure of A in X, intersect Y.



Proof. Denote the closure of A in X by A. Let B be the closure of A in Y. Then
since A is closed, ANY is closed in Y. Since A C ANY, we have BC ANY.

Conversely, B =Y NC for some closed set C C X. Thus A C B C C, hence
A C C. Therefore ANY CCNY = B. O

Theorem 1.17.5. Let A C X. Then x € A if and only if for all open sets
UCX withxeU,UNA#(. We say that U is a neighborhood of x.

Proof. If z ¢ A, then U = X \ A is a neighborhood of x disjoint from A.
Conversely, if U is a neighborhood of x disjoint from A, i.e., UN A = 0,

then X \ U is a closed set containing A. Hence ACX \ U. But since x € U,

rZ€ X\U,sox ¢ A O

Let’s see some examples of closure:

Example 1.17.6. Let Y = (0,1] € R with the standard topology. Then
Y =10,1].

Example 1.17.7. Let Y = {1} x N C {1,2} x N with the order topology.
Then Y = Y U {(2,1)}.

Definition 1.17.8. If X is a topological space and A C X, we say that x € X
is a limit point of A if every neighborhood of  contains some point in A\ {z}.
Therefore, z € A\ {z}.

Note that 2 may or may not lie in A. We let A’ be the set of limit points of
A.

Example 1.17.9. Let Y = (0,1] € R with the standard topology. Then
Y’ =][0,1].

Example 1.17.10. Let Y = {1} x N C {1,2} x N with the order topology.
Then V' = {(2,1)}.

These examples lead us to the following theorem:
Theorem 1.17.11. A= AU A’

Proof. First, let x € A’. Then x € A\ {#} C A. And by definition A C A, so
AuAd CA

Conversely, let z € A. If x € A, we are done. Suppose x ¢ A. Then
every neighborhood of x intersects A = A\ {z}, and hence z € A’. Thus,
ACAUA. O

Corollary 1.17.12. A is closed if and only if A’ C A.

Definition 1.17.13. A sequence x1, Z2, ... in X converges to x € X if for all
neighborhoods U of x, there exists N such that if n > N then x,, € U.

10



Be careful with your intuition, however!

Example 1.17.14. Let X = {a,b,c} with
the topology described in the picture adja-
cent. Then there are two problems. The
first is that ¢ and a are limit points of {b},
since every nonempty open set contains c.
The second problem is that the constant se-
quence ¢, ¢, ¢, ... converges to a, b, and ¢!

To help fix this, we introduce the following definition:

Definition 1.17.15. A topological space X is Hausdorff if for all z #y € X
there exist neighborhoods U and V of x and y respectively such that UNV = ().
This is also called the T separation axiom.

Shakil’s quip is helpful here: a space is Hausdorff if two points can be “housed
off” from each other via open sets.

Theorem 1.17.16. In a Hausdorff space, finite sets are closed.

Proof. Let X be a Hausdorff space. We show that singletons {z} € X are
closed, and then a finite union of singletons is still finite and is still closed. Let
x #y € X. Then as X is Hausdorff, there exist U and V, disjoint neighborhoods
of x and y, respectively. As UN{y} =0, y & {z}. Hence {z} = {z}, so {«} is
closed. O

Corollary 1.17.17. The only Hausdorff topology on a finite set is the discrete
topology.

Recall that we introduced the definition of Hausdorff to deal with unintuitive
convergence behavior. We prove our claim here:

Theorem 1.17.18. If X is a Hausdorff space, then a sequence of points con-
verges to at most one point.

Proof. Suppose that z,, — x. Let y # xz; we show that x,, A y. Let U and V be
disjoint neighborhoods of x and y. Since z,, — z, all z,, € U for large enough
n. Since U and V are disjoint, these x,, € V', so x,, 4~ y. O

Example 1.17.19. Suppose we have a sequence (x,,) C R bounded and mono-
tone. If (x,) is increasing, we have convergence in the standard topology (of
course), and also in the upper limit topology, but not in the lower limit topology.
Likewise, if (x,) is decreasing, (x,) converges in the lower limit topology, but
not the upper limit topology.

In the K-topology, convergent sequences converge, unless they are eventually
subsequences of K.

11



1.18 Section 18: Continuous Functions

Definitions: preimage, continuous, homeomorphism, open map
Main Idea: In a continuous function, preimages of open sets are open. A
homeomorphism is a continuous bijection with a continuous inverse.

Given a function f : X — Y, we can map specific pieces of X to Y, as
there exists a function f : P(X) — P(Y). This is just to say a function
from subsets of X to subsets of Y makes sense. We call the image of A C X
F(A4) = {f(a) |a € A}.

We’d like to see how functions map topologies, but there’s a problem: func-
tions don’t behave well with respect to set operations:

e f(ANB) # f(A)N f(B) (although f(ANB) C f(4)N f(B)), and
o F(X\NA)ZY\ f(A).

So we can’t just consider functions that take open sets to open sets.
The idea is that we use preimages instead:

Definition 1.18.1. Consider f~!: P(Y) — P(X). The preimage of B C Y
is f7Y(B)={z € X | f(z) € B}.

This does respect set operations:
o [T (ANB) =fH(A)Nnf(B),

o [TYAUB) = f~Y(A)UfY(B), and
o X\ [HA)=f"1Y\A).

Definition 1.18.2. Let (X, 7x) and (Y, 7y ) be topological spaces. A function
f: X =Y is continuous if f~!(7y) C 7x. In other words, preimages of open
sets in Y are open in X.

Note that if 7y is generated by a basis By, then it suffices to have that f~1(By) C
TX.
Theorem 1.18.3. Let f : X — Y. Then the following are equivalent:

1. f is continuous.

2. For all subsets A C X, f(A) C f(A).

3. For all closed subsets B CY, f~Y(B) C X is closed.

4. For all x € X and neighborhoods V- CY of f(x), there exists a neighbor-
hood U of © such that f(U) C V.

12



Proof. For 1. yields 2., assume that f is continuous. Let A C X, and let = € A.
We wish to show f(x) € f(A). Let V be a neighborhood of f(x). Then f~1(V)
is an open set of X containing x, so it must intersect A at some point y, by
Theorem Then V intersects f(A) at f(y), so f(x) € f(A), as desired.

For 2. yields 3., let B C Y be closed and let A = f~1(B). We wish to
show that A C X is closed, so we show that A = A. We know that f(A4) =
f(f7Y(B)) € B. Let z € A, and then f(z)inf(4) C f(A) C B = b, so
v € f71(B)=A. Thus A C A, so A = A, as desired.

For 3. yields 1., let V C Y be open. Let B = Y \ V, closed. Then
FUB) = YA\ V) = SN FUV) = X\ fUV). Sinee fA(B) s
closed in X, f~1(V) is open in X, as desired.

For 1. yields 4., let z € X and let V be a neighborhood of f(z). Then
U = f~1(V) is a neighborhood of z such that f(U) C V, as desired.

For 4. yields 1., let V C Y be open. Let x € f~%(V). Then f(x) € V, so
by hypothesis there exists a neighborhood U, of x such that f(U,) C V. Then
U, CfYV),s0 fHV) = UUQ;, so f~1(V) is open, as desired. O

Definition 1.18.4. If f : X — Y is a continuous bijection and f=:Y — X
is continuous, then f is a homeomorphism.

Note that since f being a continuous bijection implies f~! is a bijection,
we see that f~! is also a homeomorphism. Furthermore, since (f~1)~! = f,
the map f~! is continuous if and only if, if U C X is open, then f(U) =
(fFHHu)cy.

Definition 1.18.5. The map f : X — Y is called a open map if for any set
U C X open, the image f(U) CY is open.

So f~! is continuous if and only if f is an open map. Therefore a continuous
open bijection is a homeomorphism.

Example 1.18.6. We show that R is homeomorphic to (—1,1) via an explicit
homeomorphism. Let f(x) = |$|m+1. Then f is continuous and a bijection, and
Yy = 1_1"1}‘ is continuous.

Example 1.18.7. Eric would prefer the homeomorphism g : R — (—1,1),
2

g(z) = £ arctan(x).

Example 1.18.8. Be aware that not every continuous bijection is a homeo-
morphism! Of course, just by the definition, we can find an example where f~!
is not continuous. Consider X = [0,1) C R and S! = {(z,y) € R* | 2% + 4% =
1} € R% Then let f(t) = (cos(2nt),sin(2xt)). Then f: X — S' is a continuous
bijection, but U = [0, i) C X is open and f(U) is not open in S*.

Now we list some properties of continuous functions:

1. Constant functions are continuous. To see this, take V' C Y open. Then if
V hits the image of f, f~1(V) = X open, and if V doesn’t hit the image
of f, f~1(V) = 0 also open.
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2. The inclusion of a subspace is continuous. To see this, let the inclusion be
i: A<= X. Thenif V is open in X, f~1(V) =V N A, open in A.

3. Compositions of continuous functions are continuous. To see this, let
X i> Y 2 Z and let W C Z open. Then as g is continuous, g~ (W) is

open, and as f is continuous, f~1(g~1(W)) is open, as desired.

4. If f: X =Y is continuous and A C X, then f|,: A — Y is continuous.
To see this, see that f|, = fi. Then use properties 2. and 3.

5. fY C Z and f: X — Y is continuous, then so is f : X — Z. To see this,
if V CY is open, then V C Z is open.

6. If f: X — Y is continuous, then f : X — f(X) C Y is continuous.
Everything outside of f(X) isn’t seen by f.

7.If X = UUa and fl; : U, — Y is continuous, then f : X — YV is
continuous. To see this, notice that for V. C Y open, f~1(V)NU, =
(f|Ua)_1 (V) is open in the preimage of the restriction. Then f~1(V) =
Uf_l(V) N U, is open.
«

Finally, we turn to a nice lemma:

Lemma 1.18.9 (The Pasting Lemma). If X = AU B where A and B are
closed, f : A =Y and g : B = Y are continuous, and f(x) = g(z) for all
x € AN B, then the function h: X =Y given by

| flz) ifzeA,
h(x)_{g(x) ifveB

18 continuous.

Proof. We show that the preimage of closed sets is closed. Let C' C Y be closed.
Then h=1(C) = f~4C)U g~ (C), and as f and g are continuous, f~1(C) is
closed in A and hence closed in X, and g=*(C) is closed in B hence closed in
X. Thus h~1(C) is a union of closed sets, hence closed. O

1.19 Section 19: The Product Topology

Definitions: tuple, product, box topology, product topology
Main Idea: Define the box and product topologies, and see that the box topol-
ogy is a load of crap.

The following is a good way to conceptualize the concepts to come:

Think of an ordered pair (z1,22) € X x X as a function f : {1,2} — X so
that f(1) = 21 and f(2) = z2. We can generalize this to:
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Definition 1.19.1. Let J be an index set. Given a set X, a J-tuple is a
function 7 : J — X. Typically we write z,, for Z(a), a € J, and this is called
the ath coordinate of T. We also write (24)aecs instead of T, reminiscent of
tuple notation. Finally, the set of all J-tuples is denoted X .

Definition 1.19.2. Given an indexed collection of sets {Ay}acs, let X =

U A, and we define the product as
acJ

HAa:{(xa)aeJeXﬂxaeAa for allaEJ}.
acJ

Note here that if every A, is equal to some set X, then H A, is just X7,

acJ
the set of all J-tuples of elements of X.

Definition 1.19.3. We define the box topology on H X, via the basis
acJ
consisting of H U, where U, C X, is open. Note that this is indeed a basis, per
acJ
Definition [1.13.1} as for every z € H X, there exists an open neighborhood

acJ
U, around every z, whose product is a basis element in which z lies, and

H Us N H Vo = H U, NV, so we get even stronger than subsets.
(e [e3 [e3

It turns out however, that while this seems to be a straightforward way to

put a topology on H X4, it turns out to be a very unworkable topology when

acJ
|J| = oco. We will see this shortly, but to that end, we define another topology

which we will soon see that we prefer to use:

Definition 1.19.4. We define the product topology, also called the Ty-
chonoff topology on H X, via the basis consisting of H U, where U, C X,

acJ acJ
is open, and U, = X, for all but finitely many «.

Note now that if J is finite, the box topology and the product topology are
indeed the same, since U, # X, for finitely many « no matter what. Now let’s
see these topologies in action:

Example 1.19.5. Let X = {0,1} with the discrete topology. Now consider
XN An element of XN is a “co-tuple” (z1,xs,3,...) where z; = 0 or 1. We’ll
compare both the box and the product topology on XN,

First, we claim that the box topology is the discrete topology. We’ll show

that any singleton in XY is open. Given (z,)nen € XN, the set U = H{xn}

n
is open in the box topology, as {z,} C X are open, since X has the discrete
topology. Then, clearly U = {(z)}, so this is the discrete topology.
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Next, we claim that the product topology is not the discrete topology, so
they are indeed different. We define 7, : N — XN by

1 if m=n,

”“"”(m):{ 0 if m#n.

So 77 is (1,0,0,...), Tz is (0,1,0,...), T3 is (0,0, 1, ...), and so on. Then we claim
that Zg is a limit point of {Z, | n > 1}, and since Tg € T, | n > 1}, {ZT,, | n > 1}
is not closed. This is enough, as in the discrete topology, since all sets are open,
all sets are closed.

So let’s show that Ty is a limit point; recall Definition (limit points)
and Definition (convergence). Every neighborhood of Ty contains a
basis element U = [ U,, that contains Zg, by virtue of being a basis. Then there
exists N such that for n > N, U,, = {0,1} = X, since we are in the product
topology. So for n < N, since Ty € U, for these n it must be the case that
0 € U,. And for n > N, since U, = X, T,, € U, since only the nth coordinate
of T, is nonzero. This shows that (Z,,) — Zg, as desired, as Z,, is only outside
of U for finitely many n.

Therefore, on XN, the box topology is the discrete topology, while the prod-
uct topology is not.

We can compare the two topologies in general:

Proposition 1.19.6. The box topology is finer than the product topology. As
we have already seen, if the index set is finite, then they are the same.

We'll explore other properties of the product topology versus the box topol-
0gy NOw.

Theorem 1.19.7. Let f : A — H X, with H X, given the product topol-

acJ acJ
ogy, be defined by f(a) = (fa(a))acs for functions fo : A — Xo. Then f is
continuous if and only if each f, is continuous.

Proof. We know that projection maps, 73 : H Xo — Xp where m3(7) = T(8),

acJ
the Sth coordinate, are continuous. Then, since f, = 7, f, if f is continuous,

then so is every f,.

Conversely, assume every f, is continuous. We wish to show f is con-
tinuous, so we show preimages of open sets are open. For a basis element
U= H Uy, let Jy be the finite set of o such that U, # X,. Then f~1(U) =

acJ
ﬂ fo HUL) = ﬂ fo Y(U,), which is a finite intersection of open sets, and

aelJ acJy
hence open. Therefore, if every f, is continuous, then f is continuous. O

Note here that this is actually false for the box topology! We see an example:
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Example 1.19.8. Let f : R — RN be given by f(t) = (t,t,t,...). Then f(t) is
continuous in the product topology (by the Theorem above), but not
in the box topology!

Consider U = (—1,1) x (f%, %) X (f%,%) X .... The set U is open in the
box topology, but f~1(U) = {0} which is not open!

That was a pretty reasonable function to expect to be continuous. This and
many other examples demonstrate that the box topology is in general not the

right tool for the job. Therefore, unless otherwise specified, from here on out,
we give products the product topology.

1.20 Section 20: The Metric Topology

Definitions: metric space, epsilon ball, metric topology, metrizable, Euclidean
metric, square metric, taxicab metric, uniform metric, product metric
Main Idea: This section defines several metrics.

Let’s start the section with some preliminary notation.

Definition 1.20.1. We call (X, d) be a metric space: a set X with a metric
d. (Recall that a metric is a function d : X x X — [0, 00) such that d is positive
definite, symmetric, and satisfies the triangle inequality.

Definition 1.20.2. We call By(z,e) = {y € X | d(z,y) < €} the open ball
centered at z with radius €, or often just the e-ball.

Definition 1.20.3. We define the metric topology via the basis {Bg(z,¢) |
x € X,e > 0}. Then U is open in X if and only if for all z € U, there exists
€ > 0 such that By(z,e) CU.

Lemma 1.20.4. What we have described in Definition s indeed a
basis.

Proof. Recall Definition

First, X = | J Ba(z,1).

zeX

Second, if y € By(x1,e1) N By(z2,€2), then take § = min{e — d(x1,y),e2 —
d(x2,y)}. Then § > 0 and 6 < ¢; — d(x;,y) for both ¢ = 1 and ¢ = 2. If
z € By(y,9), then d(y,z) < 0 and d(z;,2) < d(x;,y) +d(y,2) < e —d +
0 = g;. Therefore, z € By(x1,e1) N By(xa,e2); hence By(y,d) C By(x1,e1) N
Bd(mg,Eg). O

Definition 1.20.5. A topological space (X, 7) is metrizable if there exists a
metrix on X inducing the topology .

Lemma 1.20.6. If a space is metrizable, then it is Hausdorff.

Proof. If © # y, then € = d(z,y) > 0. Then Bq(z,£) N By(y, ) = 0. O
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Lemma 1.20.7. Let d,d' be two metrics on X, inducing topologies T and T'.
Then 7 C 7' if and only if for all z € X, € > 0, there exists & > 0 such that
Ba(x,6) C By(x,e).

As with comparing topologies, the goal is to nest one inside the other.

Proof. First, suppose 7 C 7/. Then for all z € X, € > 0, the e-ball By(x,¢) is
open in 7 and thus open in 7’. Thus there exists 6 > 0 such that By (x,d) C
Bi(z,¢).

Conversely, apply Lemma Simply put, nested bases give nested
topologies, and the metric topologies are given via their bases. O

Theorem 1.20.8. Let (X,d) be a metric space and define d: XxX - Rby
d(x,y) = min{d(x,y),1}. Then d is a metric, and d induces the same topology
as d.

Things to note here: d is just the metric that caps all distances at 1. Fur-
thermore, this theorem says that properties like boundedness, which are lost
when you use the metric d, and other metric space properties, do not carry any
topology.

Proof. First, we show that d is a metric. Clearly it is positive definite and
symmetric, since d is. To show d satisfies the triangle inequality, let z,y, z € X.
We wish to show that d(z,z) < d(z,y) + d(y,2). If either d(z,y) > 1 or
d(y,z) > 1, then d(z,2z) < 1 < d(z,y) + d(y,2) because one is at least 1.
If, however, both d(x,%) and d(y, z) are less than 1, we have d(z,2) < d(z, z) <
d(x,y) +d(y,z) = d(z,y) + d(y, 2). Therefore d is a metric.

Next, we show that d induces the same topology as d. We show that each is
nested in the other via Lemma For By(x,e) € By(x,¢), this is clear,
since d(z,y) < d(z,y), so if d(z,y) < &, so too d(z,y) < . The same & works.

For the other direction, we have B5(z,8) C By(z,e) where § = min {e, 1}.
To see this, if d(x,y) < ¢, then d(z,y) < %, so d(x,y) = d(x,y) < e. O

Thus every metrizable space has a bounded metric, and therefore bounded-
ness is not a topological invariant.

We now turn our attention to metrics on products. We define the three
following metrics on R"™:

n 2
Definition 1.20.9. The Euclidean metric on R" is d(z,7) = (Z (z; — y1)2> .
i=1
Open balls are balls.
Definition 1.20.10. The square metric on R" is p(Z,7) = max lzi — vil-
Open balls are squares. o

n

Definition 1.20.11. The taxicab metric on R" is d;(Z,7) = Z|$z — yil-
i=1
Open balls are diamonds.
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Theorem 1.20.12. The Euclidean metric, square metric, and the taxicab met-
ric all induce the same topology on R".

Proof. A proof is obvious if pictures are drawn; simply nest a ball/square/diamond
inside of the others. We give an explicit proof that d and p induce the same
topology; the rest can be similarly done.

So see that

— —\2 o 2
p(T,7)" = @_&glxz yil

" Va
B,(z,¢). The other comparisons are similar. O

Therefore p(z,y) < d(T,7) < /np(T,7), and thus B, (a: < ) C By(z,e) C

There is another topology we can define on products:

Consider the case where we would like to define a topology on RN. We
could attempt to generalize d or p or etc. However, we run into problems; if we
consider generalizing p(Z,y) = sup|z; — y;|, this may not be well-defined, as the
distances |x; — y;| can increase without bound and thus the supremum would
be co. To remedy this, we can replace the metric with its bounded metric, and
thus the supremum is bounded above by 1 and defines a metric. The following
definition holds in general, not just RN

Definition 1.20.13. We define the uniform metric on the product of metric
spaces H (Xa,da) by p(Z,7) = sup {da(2a,ya) | @ € J}, where we recall d, =

acJ
min{dg, 1}. The uniform metric induces a topology called the uniform topology.

Theorem 1.20.14. The product topology is coarser than the uniform topology,
and the uniform topology is coarser than the box topology.

Proof. Let X = H X, be our space. Let T € U = H U, where U is a basis

acJ e
element in the product topology. Then there exists finitely many a, ...a,, for

which Uy, # Xa,. Then for each i, choose ; > 0 such that the Bj(x,,,;) C
Ua,, as Ua, C X, is open. Then ¢ = min{eq, ..., } and B5(T,¢) C H U, since

(e}
finitely many e, < 1. As B5(Z,€) is a basis element for the uniform topology,
we conclude that the product topology is coarser than the uniform topology.

Next, see that H B@ (:Ea, %

«@
their product is open in the box topology. Therefore the uniform topology is
coarser than the box topology. O

) C Bj(7,e). Every B (a:a, %) is open, so
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Definition 1.20.15. We define the product metric on H (X, dn) by
neN

D(z,y) :sup{dn(xg’yn) |ne N}.

Theorem 1.20.16. The name is appropriate; the product metric D is indeed
a metric and induces the product topology.

Proof. To see that D is a metric, first note that symmetry and positive def-

initeness come from d,. The triangle equality follows as for all i, dil@s,z)

dleew) 4 4e2) < D(7,7) + D(7,%). Therefore D(Z,%) = sup {Tlif(“’;’zi)}

IN N

3
D(z,y)+ D(y,%).
Now we show that D induces the product topology. We show each topology
is nested within the other. First, let U be open in the metric topology and let
T € U. Our goal is to find V in the product topology such that 7 € V C U.
Next, choose an € such that Bp(T,e) C U. Then choose N so that % < e. Then
V is the basis element in the product topology By, (21,€)X...X Bay (N, &) X X;, X

X, X ..., and we claim that V' C Bp(Z,¢). Indeed, for j € HX”’ dilziy) < +

i =

T N "N
then D(Z,7y) < e, so V C Bp(T,¢), as claimed.
Conversely, we want to show the metric topology nests inside the product

for i > N. Therefore, D(Z,7) < max{m”l*yl) (@) i}, and if j €V,

topology. Let U = H U, be a basis element for the product topology, where

U; is open in X; forni =1,...,n and U; = X; for all other indices. Then let
T € U and we wish to find V' open in the metric topology such that z € V C U.
For i = 1,...,n, choose a ball By, (z;,¢;) C U; with every ¢; < 1. Then we call
e=min{% |i=1,..,n}. We claim that V = Bp(7,¢) satisfiesT € V C U. To
see this, let § € Bp(ZT, ). Then for all 4, M < D(Z,y) <e. Fori=1,..,n,
e < &80 di(z;,y;) <e; <1,and § € U, so Bp(T,y) C U, as desired. O

1.21 Section 21: The Metric Topology (continued)

Definitions: first countable, uniform convergence
Main Idea: First countability is a restriction that lets continuity be discussed
in terms of limits. Uniform convergence is nice.

Theorem 1.21.1. Let (X,dx) and (Y,dy) be metric spaces. A function f :
X =Y is continuous if and only if for all x € X, € > 0, there exists § > 0 such
that f(BdX (IIZ, 6)) c de (f(l’),e)

Proof. Assume f is continuous. Then x € f~1(Bg, (f(z),€)) € X, which is
an open set since it is the preimage under f of an open set. Then there exists
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§ > 0 such that By, (z,8) € f~1(Bay (f(x),€)), and hence f(Bgy(x,6)) C
Bay (f(2),).

Conversely, assume for all x € X, ¢ > 0, there exists § > 0 such that
f(Bay (2,0)) C By, (f(z),e). We wish to show f is continuous. Let V C Y
be open and z € f~}(V) C X. See that f(z) € V, so there exists ¢ > 0
such that By, (f(x),e) C V. Then by assumption, there exists 6 > 0 such that
f(Bay (2,6)) C By, (f(2),e) CV. Thus & € By, (x,8) C f~1(V), so f~1(V) is
open. Thus, f is continuous. O

We are now motivated by the following question: outisde of topology, we
define continuity as if (x,,) — x, then (f(z,)) — f(z). When does this definition
hold in topological spaces? We introduce the following definition which suffices:

Definition 1.21.2. A topological space X is first countable, or satisfies the
first countability axiom, if for all x € X, there exists a countable neighborhood
basis {Up, }nen of @ such that if V' is any neighborhood of z, then there exists
n € N such that U,, C V.

Example 1.21.3. All metric spaces (X,d) are first countable. Fix a point
x € X; then the countable neighborhood basis is the set of U,, = By (x, %)

Example 1.21.4. Let’s see an example of a space that is not first countable.
Let X = {0,1}®. Recall from Definition that this is the set of all
R-tuples; i.e., {0,1}R = {f| f: R — {0,1}}. Give {0,1} the discrete topology,
and X of course the product topology. We claim that X is not first countable.
We show a point that has no countable neighborhood basis.

Consider T € X the zero function; i.e., Z(a) = 0 for all & € R. Then suppose
there exists a countable neighborhood basis {U, } ,en of T. For each n € N, let
Jn € R be the finite set where U,, = [[ Up,o where U, , are open in {0,1} and
Uno=1{0,1} if a & J,.

Then for ap € R\ U Jn, the set Vo = [[ Vi, where V, is {0} if @ = o and

neN
{0, 1} otherwise, is a neighborhood of Z. However, U,, € V; for any n, because

Un.ao = {0,1}.

Note that {0, 1}® is not metrizable under the product topology. We’ll soon
see that that’s a necessary condition.

For now, let’s return to the motivation of first countability; our goal was to
use it to describe continuity in terms of limits. We have that in the following
lemma:

Lemma 1.21.5. If X is first countable and x € A, then there exists a sequence
(zn) C A such that (z,) — x.

Proof. As X is first countable, let {U, }nen be a countable neighborhood basis
of . Then set B, = Uy NUsN...NU,. As this is a finite intersection of open
sets, B, is open still, and furthermore, B,+1 C B,. Then for all n € N, fix
x, € AN B, We claim that this creates the sequence (x,,) that converges to x.
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To see this, given U any neighborhood of x, we have Uy C U for some N by
first countability. If n > N, z,, € B, C By C Uy C U. Thus the tail of (z,)
stays inside the neighborhood U of z, and (z,) — x, as claimed. O

Corollary 1.21.6. The converse is always true, even if X is not first countable:
If there exists a sequence (x,) C A such that (x,) — x, then z € A.

Proof. x is a limit point of A, and A contains the limit points of A. (See

Definitions [1.17.8], [1.17.13] and Theorem [1.17.11}) O
Theorem 1.21.7. Let f : X — Y. If f is continuous and (x,) — x, then
(f(zn)) = f(z).

Furthermore, let X be first countable. If (z,) — x implies that (f(z,)) —
f(zx), then f is continuous.

Proof. First, suppose f is continuous and (z,) — x. We wish to show that
(f(zn)) — f(x). Let V C Y be a neighborhood of f(x). Then U = f=1(V) is
a neighborhood of z. Then the tail of the sequence remains in U: there exists
N € N such that if n > N, x,, € U. Hence f(z) € V for n > N. Therefore,
(f(zn)) = ().

Now, suppose X is first countable and that for all (z,,) — =, (f(z,)) — f(x).
We'll show that f(A) C f(A). (Recall Theorem )

Let z € A and thus f(z) € f(A). We need to show f(z) € f(A). By
Lemma there exists (z,) C A such that (z,) — x. Then by hypothesis,
(f(xy)) — f(x). Since every z,, € A, every f(z,) € f(A), so we have f(z) €
f(A) by Corollary as desired. Therefore, f is continuous. O

Definition 1.21.8. Let f, : X — Y be a sequence of continuous functions
from X into a metric space Y. We say that (f,) converges uniformly to
f: X =Y if for all € > 0, there exists NV € N such that if x € X and n > N,

then d(f.(x), f(z)) <e.

Theorem 1.21.9. If f,, : X = Y is continuous for alln € N and (f,) — f
uniformly, then f: X — Y is continuous.

Proof. Let V CY be open and let 2o € f~!(V) C X. We need to show f~(V)
is open; we procure a neighborhood U of xg such that f(U) C V.

There exists € > 0 such that By(f(zo),¢) € V. As (f,) — f uniformly,
there exists N € N such that if n > N then for all z € X, d(f.(x), f(z)) <
$. As fn is continuous, there is a neighborhood U of zo such that fx(U) C
Ba (fn(x0),5) CY.

We claim that this U works; that f(U) C Bq(f(z0),e) C V. To see this, let
x € U, and see that

d(f (@), f(xo)) < d(f(x), fn(2)) + d(fn(2), fn(@0)) + d(fn(20), f(20))
<44z
=g,

so f(z) € Ba(f(xo),¢), as desired. O
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1.22 Section 22: The Quotient Topology

Definitions: quotient map, quotient topology, quotient space

Main Idea: The biggest thing to take away from this section is that you've
spent a year developing an intuition for quotients, so don’t let these unintuitive
definitions bog you down. Quotient spaces glue bits together, quotient groups
collapse relations down to the identity, and quotient maps are terrifying and
unhelpful, but related to these.

Definition 1.22.1. A surjective function! p : X — Y is called a quotient
map if for all U C Y, p~1(U) is open in X if and only if U is open in Y.

Some remarks that may or may not be helpful: quotient maps are continuous,
as Definition says that U C Y open implies p~1(U) C X is open.
However, quotient maps are not open maps (see Definition , since an
open map sends U C X open to f(U) C Y open, but a quotient map only
requires open sets in X that are the preimage of a set in Y to have open image.
Let’s see some examples of quotient maps:

Example 1.22.2. Let p : [0,1] — S* = {(z,y) € R* | 22 +¢?> = 1} be
p(t) = (cos(2wt),sin(2xt)). The map p is not an open map; see Example

1.18.8 Quickly, [0,z) C [0,1] is open, but p([0,z)) C S* is not open.
However, p is a quotient map. Any open set V C S! gives an open preimage

p (V) C0,1].

Definition 1.22.3. Let X be a topological space, A be aset, andp: X — A a
surjection. There is a unique topology on A such that p is a quotient map. We
call such a topology on A the quotient topology.

In other words, a set U C A is open if and only if p~!(U) C X is open.

Lemma 1.22.4. The quotient topology on A is a topology.

Proof. We show it satisfies all the requirements in Definition [1.12.1
First, () and A are open because p~*(#) = C X open and p~1(A) = X C X
open.

Next, the topology is closed under unions: p~! <U Ua> = U p 1 (Uy).
acJ acJ

And finite intersections: p~! (ﬂ Ui> = ﬂ p~ 1 (Uy). O
i=1 i=1

There is a special, frequently used instance of the quotient topology:

Definition 1.22.5. Let X be a topological space and let ~ be an equivalence
relation on X. Then there is a canonical surjection p : X — X/N via p(z) = [z],
and p induces the quotient topology on X/N. The space X/N is called the
quotient space, or often identification or decomposition space, of X,
since we identify points equivalent under the relation ~.

Ithe image f(p) is all of the target space Y, even if two points map to the same point
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Example 1.22.6. Let X = {Z € R? | ||Z|| < 1} = D?, the unit disk. Then
define ~ on X by T ~ 7 if either T =g or ||Z|| = ||g|| = 1. In other words, every
point is its own equivalence class, except the boundary all identifies/collapses.
This means p : D? — S2%, and the boundary of D? maps to say, the north pole,
as in the following picture.

, PW)

p(V}

Note that every quotient map arises in this way; we can define ~ on X by
x1 ~ x9 if p(x1) = p(x2). This is good, because quotient spaces are the most
intuitive way to think about quotients.

Theorem 1.22.7. Let p : X — Y be a quotient map. Let g : X — Z be
such that g(x1) = g(x2) if p(x1) = p(x2). Then there exists an induced map
f:Y = Z which is continuous if and only if g is continuous.

Proof. We give an explicit construction of f. Let f : Y — Z be f(y) = g(x)
if y = p(x). As p is a quotient map, f doesn’t depend on choice of z, since
x € p~1({y}). Then g = fp by construction.

X
p\<g
}l/f>Z

Now, assume f is continuous. Since g = fp and f and p are continuous, g is
continuous.

Now, assume ¢ is continuous. Then let V' C Z be open. We see that
f~1(V) CY is open, as p is a quotient map, and p~1(f~1(V)) = (fp)~H(V) =
g~ 1(V) is open. O

1.23 Section 23: Connected Spaces

Definitions: separation, connected, totally disconnected
Main Idea: Connectedness is a pretty intuitive property. Since we define con-
nectedness as “there does not exist a separation,” to prove a space is connected,
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many proofs assume a separation exists and reach a contradiction.

Definition 1.23.1. A separation of a topological space X is a pair of nonempty
sets C, D C X such that CND =0 and CUD = X.

Definition 1.23.2. We say X is connected if there does not exist a separation
of X.

Notice that if C' and D form a separation, then C and D are clopen (closed
and open), as C = X \ D and D = X \ C. It’s therefore equivalent to say that
a space X is connected if and only if the only clopen subsets are X and ().

Example 1.23.3. Let Y = [—1,0)U(0,1] C R. Then Y is not connected in the
subspace topology, as [—1,0) = (—2,0)NY is open, and also [-1,0) = [-1,0]NY
is closed.

Example 1.23.4. Q C R is not connected. See that Q = [(—00,v/2) N Q] U
[(v/2,00) N Q]. Here is a separation.

Example 1.23.5. Let X = {0, 1} with the discrete topology on {0,1}. Then

X is not connected. Let C' = {0} x H {0,1}. C is open in the product topology.
n>1

Similarly, D = {1} x H{O, 1} is open in the product topology. See that C is

n>1
the tuples that start with 0 and D the tuples that start with 1, so X = CU D.

Lemma 1.23.6. If C and D form a separation of X andY C X is a connected
subspace, then either’ Y C C orY C D.

You should already have a picture in your head because this is so obvious.
Let’s give the proof.

Proof. Suppose not, and Y is not a subset of C' or D. Then YNC and Y ND are
disjoint, nonempty, and open in Y, and Y = (Y N C) U (Y N D). This separates
Y, but Y is connected. This is a contradiction. O

Definition 1.23.7. We say that X is totally disconnected if the only con-
nected subspaces of X are singletons.

Example 1.23.8. We show that X = {0, 1}, discrete topology on {0, 1, }, is
totally disconnected.

Given 7,7 € X where T # ¥, we construct a separation C' and D where
T € C and § € D. By the arbitrary nature of T and g, this will show any two
points can be separated, and hence only singletons can be connected.

Since T # ¥, there exists a coordinate N such that zy # yy. Analogous
to Example [1.23.5 let C = H {0,1} x {xn} X H {0,1} and let D =
n<N n>N
[1{0.1} x {yn} x J] {0,1}. Thenz € C, € D, and X =CUD.
n<N n>N
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Theorem 1.23.9. Suppose Y is a connected subspace of X, and {Ya}acs is a
collection of connected subspaces of X such that Y NY, # 0 for all . Then

Xo=YU (U Ya> is connected.
acJ

Once again, the picture is handy for intuition. Below we see it and then give
the proof.

\WAWEE

Proof. Suppose to the contrary that C, D C Xj is a separation. Then for all
aeJ, Y, CCorY, CD,andsimilarly, Y C Cor Y C D, by Lemma
Without loss of generality, we have Y C C. Since Y NY, # () for all «, every
Y, C C as well. Then Xy C C, so C, D could not have been a separation of
Xo. O

Theorem 1.23.10. Suppose A C X is connected and A C B C A. Then B
1s connected. In other words, adding some or all limit points does not affect
connectivity.

Proof. Suppose instead that B = CUD where C, D are a separation of B. Then
without loss of generality, A C C, as A is connected. Then D = BNU for some
U C X open. For b € D, U is a neighborhood of b in X that is disjoint from C,
and hence disjoint from A. Therefore b € A, but this contradicts the fact that
C, D separated B. O

Theorem 1.23.11 (The Intermediate Value Theorem). If X is connected
and f: X =Y is continuous, then f(X) CY is continuous.

Proof. Suppose f(X) C Y is not connected. Then there exist U,V C Y open
such that C = f(X)NU and D = f(X)NV are a separation of f(X). But then,
as f is continuous, f~1(U) and f~1(V) are a separation of X, a contradiction.

O

Theorem 1.23.12. If X and Y are connected, then so is X X Y.

Proof. Let X and Y be connected spaces. Let xg € X; then the function
f:Y = {xo} xY via f(y) = (z0,y) is continuous. Since Y is connected and f
continuous, the Intermediate Value Theorem gives that {xo} x Y
is connected. Similarly, fix ay € Y and g, : X — X x {y} via g,(z) = (z,y)
shows that X x {y} is connected for all y.
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Now, X xY = {zp}xYU U (X x {y}). See that for all y, {zo} xYNX x {y}
yey

is nonempty because (zg,y) lies in it. Therefore, by Theorem [1.23.9] X x Y

is connected, as desired. O

This theorem gives us that finite products of connected spaces are connected;
just induct on the factors. It remains to be seen if infinite products of connected
spaces are connected: in the product topology, yes. But for the box topology,
no, of course not, the box topology is worthless.

Example 1.23.13. In the box topology, RY is not connected. We claim that if
C is the set of bounded sequences and D the set of unbounded sequences, then
C and D separate RYN. Certainly they are disjoint and their union is the entire
space, so we just need to show that C' and D are open in the box topology.

Let 7 € RN, Then set U = (z; — 1,21 +1) X (2o — 1,25 + 1) X ..., open (in
the box topology). If Z is bounded, then U C C, and if not, U C D.

1.24 Section 24: Connected Subspaces of the Real Line

Definitions: path, path connected
Main Idea: Path connectedness is straightforward. Path connected implies
connected, but the converse is not true; take the Topologist’s Sine Curve.

Before we begin, note a few key (defining, often) properties of R:
e The least upper bound property: sup A exists if A is bounded above.

e Archimedean property: if z,y € R such that = < y, then there exists
z € R such that z < z < y.

If you're seeking to generalize the results of these sections, any space with these
properties should be sufficient (along with anything else we use in the hypotheses
of a theorem or during a proof).

Theorem 1.24.1. R is connected.

Proof. In the same nature as the contradiction proofs, let U, V' C R be nonempty
disjoint open subsets. Here, we show that U UV cannot be all of R.

Fix u € U and v € V, and take u < v. Then let Uy = U N [u,v], and let
Vo =V N [u,v]. Now, let ¢ = supUp. Thus u < ¢ < v. We'll show that ¢ € Uy
and ¢ & Vy; thus ¢ ¢ U UV and hence U UV isn’t all of R.

Suppose ¢ € V. As Vj is open in [u, v] by the subspace topology, there exists
d € [u,v] such that (d,c] C Vp. But then d is a smaller upper bound to Uy,
which contradicts the fact that ¢ is. So ¢ &€ V.

Then suppose ¢ € Uy. As Uy is open in [u,v] by the subspace topology and
v & Uy, there exists d € [u, v] such that [c,d) C Uy. Now there exists z such that
c < z < d, so cis not an upper bound to Uy. Therefore, ¢ ¢ Uy, and therefore
c ¢ U UV, as desired. O
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Corollary 1.24.2. The following subsets of R are connected:
1. open intervals (a,b),
2. open rays (—oo,a) or (a,00),
3. closed rays (—oo,a] or [a, 00),
4. half open intervals [a,b) or (a,b], and
5. closed intervals [a,b).

Proof. 1. and 2. are both homeomorphic to R, and connectedness is a topolog-
ical invariant.

For 4. and 5., we know that (a, b) is connected, and by Theorem
so are [a,b), (a,b], and [a,b], since (a,b) = [a, b].

For 3., since (—o00,a) = (—o00,a] and (a,00) = [a,00), we can again use

Theorem [1.23.10] O

Corollary 1.24.3. Since R is connected and the finite product of connected
spaces 1is connected, R"™ is connected.

Corollary 1.24.4. RN with the product topology is connected.
(It is not in the box by Example [1.23.13])

Proof. Let RN be tuples (x,) where z,, = 0 for n > N. Then RY ¢ RN.
Let R = U RY, which can be realized as tuples which are eventually 0.
NeN

R is connected, as each RY meets 0. In the product topology, R* = RN, so
RY is connected. O

Definition 1.24.5. Given z,y € X, a path from z to y is a continuous function
p: [a,b] = X such that p(a) = z and p(b) = y. We often just take p : [0,1] — X.

Definition 1.24.6. A space X is path connected if for all z,y € X, there
exists a path from x to y.

Example 1.24.7. The space R" is path connected. Given z,y € R", one
explicit path is p: [0,1] = R", p(t) = (1 — t)z + ty.

Theorem 1.24.8. If X is path connected, then it is connected.

Proof. We show that X not connected implies that X is not path connected.
Let C, D be a separation of X and p : [a,b] — X a continuous path. Since
[a,b] is connected, so is p([a,b]). Therefore p([a,b]) C C or p([a,b]) € D. So
there does not exist a path from any z € C to any y € D. Thus X is not path
connected, as desired. O
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Example 1.24.9. This is one of the quintessential examples of a space con-
nected but not path connected: the Topologist’s Sine Curve.

Let S = {(z,sin (1)) e R* |0 <z <1} = f((0,1]) where f : (0,1] — R,
f(x) =sin (2). The map f is continuous and thus S is connected (as (0,1] is),
and S is path connected (trace the image of f), at this stage.

However, since S is connected, S is also connected, but we see that S is not
path connected. Once again, the picture should be convincing enough, but we
make an explicit proof:

We first describe the closure of S: S\ S = {(0,y) | —1 < y < 1} which
we call Y. Now, suppose p : [0,1] — S where p(0) = (0,0). We claim that
p~1(Y) C [0,1] is nonempty and clopen, and thus since [0,1] is connected,
p([0,1]) C Y. In the language we will define soon, S has two path components,
and here we are stuck on the component Y.

To show the claim, first, nonempty is clear, since p~1(0,0) = 0 € [0, 1].

Next, as Y € S C R is closed, p~(Y) is closed, since p, is continuous and
thus the preimage of closed sets is closed.

Finally, we show p~1(Y) is open. Take t € p~1(Y') such that p(t) = (0,y).
Then let U = SN((—4,6) x (y — 6,y + 6)) for 0 < § < 5. Therefore, U is an open
square smaller than the amplitude of the Topologist’s Sine Curve intersected
with the Topologist’s Sine Curve.

Then V = p~(U) is open and contains ¢. There exists an open connected
subset I; such that t € I; C V (in the language to come, this is a path component
of U). We want to show that p(l;) C Y.

For all n € N we can find a separation C,, D,, of U where C,; C C}, and
ﬂ C, CY. As p(I) is connected and meets C,, for all n, p(I;) C C,, for all
neN
n, so p(I) C ﬂ C, CY, as desired.

neN

1.25 Section 25: Components and Local Connectedness

Definitions: component, path component, locally connected, locally path con-
nected

Main Idea: Components/path components can be pictured fairly well. You
have a good intuition for the picture of local connectedness even if the defi-
nition is still a bit unwieldy. Note that locally path connected implies locally
connected, and we have several theorems that compare connected/path con-
nected to locally connected/locally path connected.

Definition 1.25.1. Given a space X, define an equivalence relation ~ by x ~ y
if there exists C' C X a connected set such that x,y € C. The equivalence classes
are called (connected) components of X.

Lemma 1.25.2. This is in fact an equivalence relation.
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Proof. Reflexive is easy; x is in the same component as itself z. A single point
is connected.

Symmetric is clear; x and y are in the same component if and only if y and
x are in the same component. The same C' works.

For transitivity, let z,y € A and y,z € B with A, B connected subspaces
of X. We need to show that there is a connected set containing both x and z.
Indeed, x,z € AU B, which is connected by Theorem since A and B
each meet y, and {y} is connected. O

We now list some properties of components with proof:
Lemma 1.25.3. 1. Each component is connected.
2. Components C1 N Cy # 0 if and only if C1 = Cs.

8. If A C X is connected, then there exists a component C' C X such that
ACC.

4. Components are closed.

Proof. 1. Fix x € C. Then for all y € C, there exists A, C X a connected

subspace of X such that z,y € A,. Then C = U Ay is connected as each

yeC
A, meets x.

2. Components are equivalence classes. If there is any overlap at all, they
must be the same class.

3. For all z,y € A, x ~ y, so they belong to the same equivalence class. In
other words, components are maximal connected subspaces, which is the
best way of thinking of them.

4. If C is a component, then C is connected, and C is connected. By 3.,

CCC,butsinceC=CUC,C=C. O

Note that though components are indeed closed, they need not be open.
Consider Q C R. Then the components of Q are singletons, and not open in
the subspace topology.

However, if there are only finitely many components C1, ...C,,, then compo-
nents are closed, since X \ Cf = U C;. This is a finite union of closed sets,

ik
hence closed, so X \ C} is closed, and thus Cy is open for all k = 1,...,n.
Definition 1.25.4. Given a space X, define an equivalence relation ~ by z ~ y
if there exists a path from x to y. The equivalence classes are called path
components of X.

Lemma 1.25.5. This is indeed an equivalence relation.
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Proof. Reflexive is clear; the constant path p: [a,b] = X, p(t) =  works.

For symmetry, if p : [0,1] — X is a path from « to y, then define ¢ : [0,1] —
X from y to x by ¢(t) = p(1 — t). This is just reversing the path p.

Finally, transitivity is just composing the paths; if p : [0,1] — X is a path
from z to y and ¢ : [1,2] — X is a path from y to z, then define r : [0,2] - X
by

g(t) if1<t<2.

By the Pasting Lemma [1.18.9] r is continuous and hence a path from z to
z. O

T(t)_{ p(t) ifo<t<1,

It can be shown that properties 1., 2., and 3. of components in Lemma
1.25.3| hold for path components as well. However, path components need not
be closed, nor, for that matter open. To that end, we consider:

Example 1.25.6. Recall the Topologist’s Sine Curve S from Example
recall in particular that Y = S\ S. As we alluded to in that example, the path
components are exactly Y and S. S is open, since it is the image of an open
set, and not closed, since its limit points are Y, so therefore Y = S\ S must be
closed and not open.

A quick remark is that path components are contained in components, since
path connectedness is a stronger requirement than connectedness.

Definition 1.25.7. A space X is locally connected if for all x € X and
neighborhoods U of x, there exists a neighborhood V' of x, which is connected,
such that V C U.

Definition 1.25.8. A space X is locally path connected if for all z € X
and neighborhoods U of z, there exists a neighborhood V' of z, which is path
connected, such that V C U.

We remark that locally path connected implies locally connected, by the
same proof as the global case.

A natural question is: how does local connectedness/path connectedness
compare to (global) connectedness/path connectedness?

Example 1.25.9. First a simple example: any open subset of R" is locally
connected and locally path connected.

Example 1.25.10. The Topologist’s Sine Curve S (Example [1.24.9) is con-
nected as we have seen, but it is not locally connected.

Consider SN (—6,8) x (y — d,y +9), the Topologist’s Sine Curve intersected
with an open square. Then for some z in this intersection, any neighborhood
looks like disjoint vertically oriented bars, not connected.

Example 1.25.11. Now consider a joined-up Topologist’s Sine Curve, where
we create a path from Y to S that simply joins the ends up. Now this space is
path connected, because we’ve created a path between the two path components,
but just like Example this space is not locally connected, or for that
matter, locally path connected.
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So how do we compare connectedness and local connectedness? Path con-
nectedness and local path connectedness?

Theorem 1.25.12. X is locally (path) connected if and only if for allU C X
open, each (path) component of U is open in X.

We note that the theorem follows the same proof whether we are dealing
with paths or not. Thus we give the proof that X is locally connected exactly
when every component of U is open, and the proof with paths is the same.

Proof. First, assume that X is locally connected. Then let U C X be open and
C C U a component of U. We wish to show that C C X is open. Let z € C.
Then there exists a connected neighborhood V' C U of z, since X is locally
connected. Therefore V' C C, so C' is open.

Conversely, fix x € X and let U C X be a neighborhood of x, and x € C C U
open. We wish to show that X is locally connected. Well, C is exactly a
connected neighborhood of x in U, and thus X is locally connected. O

Theorem 1.25.13. If X is locally path connected, then the set of components
and the set of path components are the same.

Proof. We know by a quick remark that path components are contained in
components. In other words, let P C C where P is a path component and C a
connected component. We need to show C' = P.

As X is locally path connected, P must be open in C' by Theorem
Now we show P is closed, and since C' is connected, P = C' (since the only clopen
sets are C' and ().

To see that P is closed, let @) be the union of the other path components
in C. Then @ is a union of open sets, hence open, and since C\ P = Q, P is
closed. Therefore, P = C, as desired. O

1.26 Section 26: Compact Spaces

Definitions: cover, compact, finite intersection property
Main Idea: Compactness is alright. Throwing on other properties to your
space gains you more results.

Definition 1.26.1. A collection A of open subsets is called an open cover if

x=u

UcA

Definition 1.26.2. A space X is compact if for every open cover A, there
n
exist finitely many Uy, ..., U, € A such that X = U U;. The collection is called

i=1
a finite subcover, and hence X is compact if every cover has a finite subcover.
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Example 1.26.3. R is not compact. The cover A ={(n—1,n+1) | n € Z}
has no finite subcover, as each U,, = (n — 1,n + 1) € A meets any integer only
once.

Example 1.26.4. [0, 1] is compact. We don’t yet have the machinery to prove
this, but it is by Heine-Borel, to come (Theorem [1.27.2).

Lemma 1.26.5. Y C X is compact if and only if every convering of Y by open
sets in X has a finite subcovering.

Proof. First, assume Y is compact. Then let A = {U, | U, C X is open} be a

cover of Yiie., Y C U U,. We want to show Y is covered by finitely many

UseA
Uy. Indeed, Ay = {U,NY | U, € A} is an open cover of Y in Y, so there is a
n

finite subcover U1 NY, ..., U, NY such that Y = U U;NY. Therefore Y C U U;
i=1 i=1

is a finite subcover of U;s open in X. ' '
Conversely, assume A = {U, } is an open cover of Y with U, CY open. We

wish to show that there is a finite subcover of A. Consider A" = {V,,} where

Uy,=VaNY,s0V, C X is open. Then by hypothesis there are finitely many

V1,...V,, that cover Y. Then U; = V; Y, where i = 1,...,n, is a finite subcover

of A, as desired. O

Theorem 1.26.6. Closed subspaces of compact spaces are compact.

Proof. Let X be compact and let Y C X be closed. We need to show that Y

is compact. Let A be a cover of Y by open sets in X. Since Y is closed, X \ Y

is open, and AU {X \ Y} is an open cover of X. As X is compact, there exist
n

finitely many Uy, ...,U, € AU{X \Y} such that Y C X = U U;. There’s your
i=1
finite subcover of Y. O

What about the converse? Is every compact set closed? Unfortunately not:

Example 1.26.7. In the finite complement topology (recall Deﬁnition
U is open when U is empty or the complement of U is finite) on R, every subset
is compact! To see this, let A C R and let A be an open cover of A. Choose an
open U,, in A. Then U,, misses only finitely many points z1,...x,, and thus
we can choose at most n more, but critically, only finitely many more, U,, to
cover the rest of R.

So not every compact set is closed. However:
Theorem 1.26.8. Compact subspaces of Hausdorff spaces are closed.

Proof. Let X be Hausdorff and Y C X be compact. We wish to show that Y is
closed. To that end, we show that X \ Y is open.
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Fix 29 € X \Y. For each y € Y, there are disjoint neighborhoods U, and V,,

of x¢ and y, respectively, as X is Hausdorff. Note further that zy € ﬂ U, €

yey
X \Y. We claim that [,y Uy is open, and thus X \ Y is open.
To see this, since Y is compact, there exist finitely many ¥, ..., y, such that

Y C U Vy;- Then zq € ﬂ Uy, € X \'Y. This is a finite intersection of open

i=1 i=1
n

sets and hence open, so it just remains to be see that indeed ﬂ U, CX\Y.

i=1

n
For this, let 2 € Y. Then z € V,,, for some i, so z ¢ U,,. Thus z ¢ m Uy,,
i=1
and we are done. O
Lemma 1.26.9. If X is Hausdorff and Y C X is compact, then for allzq € Y,

there exist disjoint open sets U and V' such that xg € U and Y C V. In other
words, in a Hausdorff space, we can separate closed/compact spaces from a point.

n n
Proof. Let U = ﬂ Uy, and V = U Vy;- The machinery of Theorem |1.26.8
i=1 i=1
is enough to show this works. O

This lemma actually shows that if X is compact and Hausdorff, then X is
regular (see Definition [1.31.1] to come).

Theorem 1.26.10. If X is compact and f : X — Y is continuous, then f(X) C
Y is compact.

Proof. As X is compact, given a cover A, there exists a finite subcover. Then
f(A) covers f(X), and the finite subcover of 4 under the image of f is a finite
subcover of f(X). O

Theorem 1.26.11. Let f: X — Y be a continuous bijection. If X is compact
and Y is Hausdorff, then f is a homeomorphism.

Proof. Since f is a continuous bijection, we can show that f is an open/closed
map, which will do the trick. We show that f is a closed map; f sends closed
sets to closed sets.

First, as f is a bijection, f(X) =Y, so by Theorem Y is compact.
So now suppose A C X is closed. Then since X is compact, by Theorem
A is compact as well. By Theorem f(A) C Y is compact.
By Theorem since Y is Hausdorff and f(A) is compact, f(A) is closed.
Thus f is a closed map, and f is a homeomorphism, as desired. O

Lemma 1.26.12 (The Tube Lemma). Suppose Y is compact. Suppose N C
X xY is open. Suppose {xp} xY C N for some xog € X. Then there exists
W C X a neighborhood of xy such that W xY C N.
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The picture is rather nice here. It’s literally a tube.
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Proof. For all y € Y there exists U, C X, open neighborhood of 2, and V,, C Y,
open neighborhood of y, such that (zo,y) C U, xV,, € N. Then {V, } is a cover

of Y, so as Y is compact, there exist yi,...,y, such that ¥ = U Vi, Set
. i=1
W = ﬂ Uy,; we claim this works. See that if (z,y) € W x Y, there exists y;

i=1
such that y € V},,. This implies that (z,y) € W xV,, CU,, xV,, T N. O

Theorem 1.26.13. If X and Y are compact, so is X x Y.

Clearly, we can then induct to get that the product of finitely many compact
spaces is compact. It is also true for the infinite case; see Theorem [1.37.3| to
come.

Proof. Let A be an open cover of X X Y; we procure a finite subcover.

n
Given z € X, there exists Uy, ...,U, € A such that {z¢} xY C U U;=N.
i=1
Then N is an open set containing {zp} X Y.

We can therefore apply the Tube Lemma [1.26.12| to get a neighborhood
W,o C X of xg such that W,, € N. Then {W,,} is an open cover of X, so there

exist x1, ...,y such that X = U Wg,. Thus U Wz, xY =X xY, and each
i=1 i=1

Wy, x Y is convered by finitely many sets in A, and as there are finitely many

of them, we have that X x Y is covered by finitely many sets, as desired. O

Definition 1.26.14. A collection C of sets in X has the finite intersection
property if for all finite subcollections C' C C, m C # 0.
cec’

Theorem 1.26.15. A space X is compact if and only if for every collection C

of closed sets with the finite intersection property, ﬂ C #0.
ceC
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Proof. We know that X is not compact if and only if there exists an open cover
A = {Uu}aes such that U,, U...UU,, # X for all finite subcollections. This
is equivalent to saying that there exists a collection of closed sets C = {Cy }acs
where C, = X \ U, such that C,, N...NC,, # 0 for all finite subcollections,
yet ﬂ C, = 0. O

acJ

1.27 Section 27: Compact Subspaces of the Real Line

Definitions: set distance

Main Idea: There are a few more theorems and topics in Munkres that aren’t
in our notes. As it is now, this is a very basic real analysis section in the lan-
guage of topology, like the other section that discusses R.

Theorem 1.27.1. A closed interval in R is compact.

Proof. Any closed interval [a, b] is homeomorphic to [0,1] C R, so we prove it
here, using the finite intersection property and Theorem [1.26.15
Let C be a collection of closed subsets of [0,1] with the finite intersection

property. For a finite subcollection A C C, let b4 = inf ﬂ C € [0,1]. Note
CeA
that by € ﬂ C, since every neighborhood of b4 must contain a point in the

CeA
intersection, which is closed.

Now let b = sup{ba | A C C is a finite subcollection}. We claim that b €

M c.

cecC

To see this, fix Cy € C, and we will show that b € Cy. Let A, Ag, ..., Ap, ...
be finite subcollections such that b > b, > b—2<. Then define A, = A,,U{Cy},
so it is still the case that b > by, > b — L Therefore, every neighborhood of

n

b contains by, s for large enough n. As by, € ﬂ C C Cy, we have that
CeA,’'
b e Cy = Cy, since Cy is closed. As C, was arbitrary, b € ﬂ C. Thus
cec
ﬂ C # 0, so by Theorem [1.26.15| we are done. O
ceC

Theorem 1.27.2 (Heine-Borel). A subset A C R" is compact if and only if
A is closed and bounded.

Proof. Let A be compact. Then since R™ is Hausdorff, compact sets are closed,
so A is closed. To see that A is bounded, we show that any compact subspace
A of a metric space X is bounded:

Fix € X. Take the collection {By(z,4)}2,. Then U By(z,4) is an open
i=1
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cover of X. Thus A C U By(z,1), and since A is compact, there is a finite sub-
i=1

cover A C U Bg(x,i). But these sets are nested; i.e., U Byi(z,i) = Bg(x,n).
i=1 i=1
Therefore, A is bounded in the ball of radius n. Then apply this proof to
X = R" to get that A is bounded.
Conversely, let A be closed and bounded; we wish to show A is compact.
Since A is bounded, A C [-M, M]™ for some M > 0. As [-M, M|™ is compact
and A is closed, A is compact. O

Definition 1.27.3. Let (X, d) be a metric space, z € X and A C X nonempty.
We define the distance from =z to A by d : X x A — R, where d(z,A) =
inf{d(z,a) | a € A}.

Lemma 1.27.4. d(—, A) : X — R is continuous.

d(x,y) + d(y,a). Therefore, d(x, A) — d(z,y) < infd(y,a) = d(y, A), and thus
|d(z, A) —d(y, A)| < d(x,y). Thus if x — y, then d(z, A) — d(y, A). O

Proof. Fix A and let z,y € X. Then for all a € A, d(z,A) < d(z,a) <

Lemma 1.27.5 (The Lebesgue Covering Lemma). Let (X, d) be a compact
metric space, and let A be an open cover of X. Then there exists 6 > 0 such

that if Y C X and diam(Y') < 0, then there exists U € A such thatY C U.

We call § the Lebesgue number of 4. Think of umbrellas at a football game
as the cover A. If you are Y and your shoulders are narrower than §, then you
fit entirely under an umbrella.

Proof. Let A be an open cover of X and assume that X ¢ A.2 Then, as X is
n

compact, there exist Uy, ...,U, € A such that X C U U;.
i=1

Let C; = X \ U;. Define the continuous function f : X — R by f(z) =
1 n
— E d(z,C;). Then, fix z € X, and so « € U; for some i = 1,...,n. Thus there
n

i=1

exists € > 0 such that By(z,e) C U;. Therefore d(x,C;) > ¢, s0 f(z) > .

Now let 6 = inf f(z). Since X is compact and f is continuous, by the
Extreme Value Theorem, § is attained and § > 0. We claim that this §
works.

Suppose Y C X and diam(Y) < §. Then fix an z¢p € Y, so Y C By(zo,9).
Then § < f(z9) < max{d(zo,C;) | ¢ = 1,...,n} = d(zg,C),) for some m.
Therefore, Y C By(xg,0) C X \ C, = Uy, as desired. O

2If X € A, then any § > 0 works, because you can take U = X. So we assume not and
show that the proof still holds.
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1.28 Section 28: Limit Point Compactness

Definitions: limit point compact, sequentially compact
Main Idea: Understand the definitions of limit point compactness and sequen-
tially compactness. Touch on a few examples and theorems.

Definition 1.28.1. A space X is limit point compact if every infinite subset
has a limit point.

Theorem 1.28.2. If X is compact, then X is limit point compact.

Proof. Let X be compact. Let A C X, and let A’, the set of limit points of A,
be empty. We’ll show that A must be finite.

Since A = AUA’ = A, Ais closed. Then, since A’ = (), for each a € A, there
exists a neighborhood U, of a such that U,NA = {a}. Then {U,}qea UX \ A is
an open cover of X. Since X is compact, this cover must have a finite subcover.

However, each U, only contains a single element a € A. Therefore, A must be
finite. O

What about the converse? If X is limit point compact, must X be compact?
We see now that the answer is no:

Example 1.28.3. Let X = N x {a,b}. Give N the discrete topology, and give
{a, b} the trivial topology (recall Definition the only open sets are ()
and {a,b}).

We can see that X is not compact: the collection A = {U, = {n} x {a,b} |
n € N} covers X, but there is no finite subcover, as each n only meets one U,.

However, we show that X is limit point compact. If (n,a) € A C X,
then (n,b) € A’, because every neighborhood of (n,b) contains (n,a). And
symmetrically, If (n,b) € B C X, then (n,a) € B’. Therefore, every nonempty
subset of X has a limit point, so in particular, every infinite subset has a limit
point. Thus, X is limit point compact, and therefore limit point compact does
not imply compact!

Definition 1.28.4. A space X is sequentially compact if every sequence
(25,) € X has a convergent subsequence (x, ).

Theorem 1.28.5. Let X be a metric space. The following are equivalent:
1. X 1is compact.
2. X s limit point compact.
3. X is sequentially compact.

Proof. We’ve shown that 1. implies 2. in any space, not just metric spaces.

To show 2. implies 3., assume X is limit point compact. Then let (z,,) C X
be a sequence, and we wish to show that there exists a convergent subsequence
(zn,). Let A ={z, | n € N}. If A is finite, then for some z; € (x,), z; is
repeated infinitely often, so there is a constant covergent subsequence (x;).
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If A is not finite, since X is limit point compact, there exists a limit point
x € A'. Then let Ay = {n € N |z, € Bg(z,1)}. We see that A; is infinite,
because if not, By(x, 1)\ 4y is a neighborhood of z disjoint from A, contradicting
the fact that x € A’. For this same reason, Ay = {n eN |z, € By (x, %)} is
also infinite. Now we build the convergent subsequence. Let ny = min A, and
inductively define ng, = min Ay \ {nq,...,nx_1}. Then (x,,) — z, since for any
tail, the sequence remains in the % ball.

Finally, we show that 3. implies 1. Assume that X is sequentially compact;
we wish to show X is compact. We first claim that any open cover A has a
Lebesgue number § > 0.

To prove this claim, suppose not. Then for all n > 0, there exists
C, € X with diam(C,) < % such that C, ¢ U for any U € A.
Choose for every n an z,, € C),; our goal is to show that C, C U,
a contradiction. As z, € C, and X is sequentially compact, the
sequence (x,) constructed has a convergent subsequence (z,, ) that
converges to some a. Since A is a cover, a € U for some U € A.
Then, as U is open, there exists e > 0 such that By(a,e) C U. Now
let k be large enough so that i < £, 80 Ty, € By (a, g) Therefore

Ch, € By (a, %) C U, the contradiction we sought.
We next claim that for all & > 0, there exist x,...x,, such that X =

U By(x;,€).
i=1

To prove this claim, suppose not. We construct a sequence without a
convergent subsequence, contradicting the fact that X is sequentially
n

compact. Fix z7 € X. Inductively choose z,41 € X \ U By(z;,¢),
i=1

possible as this difference is nonempty by assumption. Then the se-

quence (z,,) does not have a convergent subsequence. This is because

d(xp, Tm) > € for all n #m € N.

With the claims proven, we now know that X has a Lebesgue number § 4 > 0

and that X = U By(z;,¢). Let A be a cover of X, ¢ its Lebesgue number. Let

i=1
e= g and x1,...7, € X such that X = U Ba(z;,¢). Recall that our goal is to

show that X is compact, i.e., that therele)lcists a finite subcover of A.

We have diam(Bg(z;,€)) < . Thus, for each z;, there exists U; € A such
that Bg(x;,€) C U;. As there are finitely many x;, {U;}}~, is a finite subcover,
and we are done. O

So in metric spaces, all these notions of compactness are equivalent. How-
ever, in general we can’t compare compactness and sequentially compactness.
Any pathological examples need not to be metric spaces.
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1.29 Section 29: Local Compactness

Definitions: locally compact, compactification
Main Idea: Compactification is a nice property; make sure you're aware of the
hypotheses (locally compact and Hausdorff).

Theorem 1.29.1. Suppose X is Hausdorff and let x € X. Then the following
are equivalent:

1. There exists C' C X compact and V C X a neighborhood of x such that
VCcC.

2. There exists V C X a neighborhood of x such that V is compact.

3. For all neighborhoods U C X of x, there exists W C U a neighborhood of
x such that W is compact.

Proof. Assume 1. and we show 2. Since X is Hausdorff and C' is compact, C' is
closed, and since V C C, V C C. Closed subsets of compact spaces are compact
(Theorem , so V is compact.

For 2. implies 3, let V be a neighborhood of z such that V is compact. Let
U C X be an arbitrary neighborhood of . We construct a W C U neighborhood
of 2 such that W is compact. Let W =UNV. Then W =UNV CUNV CV,
so since V is compact and W is a closed subset of V, W is compact.

Finally, assume 3. to show 1. For an arbitrary neighborhood of = U, let

W C U be a neighborhood of 2 where W is compact. Then let C' = W, and
V =W. Then C is compact and V C C' is a neighborhood of x. O

Condition 1. of Theorem [1.29.1]is important enough to get its own defi-
nition:

Definition 1.29.2. Let X be a space. We call X locally compact if for all
x € X, there exists C' C X compact and V C X a neighborhood of x such that
vV CcC.

Note immediately that compact implies locally compact.

Example 1.29.3. See that R" is locally compact. Given T = (z1, ..., z,), then
let C =[z1 — 6,21 + 6] X ... X [x, — &,2, + 6]. Then choose the neighborhood
V= (xl — %,xl + g) X o X (xn - %,xn + %)

Example 1.29.4. Let our space be R? with the Paris metric. We define the

Paris metric® by

‘7’177‘2‘ if91:027

dparis (11, 01); (r2,02) = { ry+ry if 01 # 05,

3“In France, every train goes through Paris, (0,0).”
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Now, consider By, ,.((0,0),¢). We see that {(%,9)}96[0 am) S Bip.,,..((0,0),¢€).

The set { (%, 9) }96[07277
any two points is €. Thus it is an infinite set without a limit point, and therefore
no compact set can contain it. So no neighborhood of (0,0) is contained in a
compact set, and thus R? with the Paris metric is not locally compact.

) doesn’t have a limit point, as the Paris distance between

Theorem 1.29.5. X is locally compact and Hausdorff if and only if there exists
a compact Hausdorff space Y where X is a subspace of Y and Y \ X is a single
point.

In other words, if we start with X locally compact and Hausdorff, we can
add on exactly one point to get X U {*} compact. We’ll define this in a moment

(Definition [1.29.6)).

Proof. Let Y be compact and Hausdorff, let X be a subspace of Y, and let Y\ X
be a singleton. We wish to show that X is locally compact and Hausdorff.
Hausdorff is simple; since X C Y, Y Hausdorff implies that X is. For local
compactness, let € X and let y € Y\ X. Then as X is Hausdorff, there exist
disjoint neighborhoods of x and y, U and V. Then C' =Y \ V is compact, since
Y is compact Hausdorff, and U C C. So X is locally compact.

Conversely, let X be locally compact and Hausdorff. Let ¥ = X U {oo}.
The picture to have in mind is R U {oo} = S'. Let’s describe the topology on
Y. Open sets in Y are of the following two types:

e Type I: open sets are U C X open, or
e Type II: open sets are Y \ C where C C X is compact.
Let’s confirm that this is a topology (Definition :
e () is open, since ) C X is open (Type I).
e Y is open, since Y =Y \ ) and ) is compact (Type II).
e The union of open sets is open, which we show by considering cases:

— If we take a union of Type I sets, then | JU; = U C X and by the
topology on X, U is open in X, so U is a Type I open set in Y.

— If we take a union of Type II sets, then |JUn = UY \ Co) =Y\
N Co =Y \ C, which is Type Il in Y.

— If we take a union of Type Is and Type IIs, then |JU U U =
UU(Y\C)=Y\(C\U). This is Type Il open in Y, since U C C
is closed and C' is compact, so C'\ U is compact.

e The finite intersection of open sets is open, again via cases. We show a
single intersection, and induction will show a finite amount:

— If we take Ur [ Uy, this is open in X and hence Type I 'in Y.
— If we take UHﬂUH = Y\Cl ﬂY\Cg = Y\ (Ol UCQ), Type 1L

41



— If we take 1(\Un =UN (Y \C) =UN (X \ C), which is Type I
since X is Hausdorff. C is compact, hence closed, so X \ C' is open.

Let’s return to the proof. We've just defined Y = X U{oco} and confirmed that
Y has the given topology. We're trying to show that Y is compact Hausdorff
and that X is a subspace of Y, since Y \ X = {oo} is clear.

We first show that X is a subspace, by showing the subspace topology and
the Type I/Type II topology are included in each other. First, let U C X be
open. Then U C Y is open (Type I). Obviously, U = UN X. Thus the subspace
topology on X is finer than the Type I/Type II topology we’ve described for Y.
Next, let U C Y be open and Type I. Then UNX = U is open in X. Otherwise
let Y\ C CY be open and Type II. Then Y\ CNX = X \ C is open, since
C' is compact and X is Hausdorff (so C is closed). Thus the Type I/Type II
topology is finer than the subspace topology. Therefore, the Type I/Type II
topology is the subspace topology, so X is a subspace of Y.

Finally, we show that Y is compact and Hausdorff. To see Hausdorff, let
x1,22 € X. Since X is Hausdorff, there exist disjoint neighborhoods U; and
Us of 1 and zo in X. Therefore U; and Us are disjoint neighbhoords of x
and xo in Y. Otherwise, if x € X, we need to show that x can be “housed
oft” from oo in Y. Since X is locally compact, there exists C C X compact
and a neighborhood U of x such that U C C. Then U and Y \ C are disjoint
neighborhoods of x and oo.

And to see Y compact, let 4 be an open cover of Y; we procure a finite
subcover. Since co must be covered, Y \ C € A for some C' C X compact. As

C is compact, there exist Uy, ...,U, € A such that C C U Us;.
i=1
Hence Y = (Y \C)U U U;. Hooray! O
i=1
Definition 1.29.6. If Y is a compact Hausdorff space and X is a proper sub-
space of Y such that X =Y, then Y is said to be a compactification of X.

Furthermore, if Y\ X is a singleton as above in Theorem [1.29.5| then we say
Y is the one-point compactification of X.

Corollary 1.29.7. The one-point compactification of X is unique.

Proof. Suppose Y’ is compact and Hausdorff, X C V', and Y’ \ X = {oo}.
Then define h: Y’ — Y by

x ifx € X,
h(x):{ oo’ if z = o0.

Then h is a bijection, and because Y’ is compact and Y is Hausdorff, we just
need continuity to show that h is a homeomorphism (recall that this is Theorem
1.26.11). To see this, we need to show that both Type I and Type II sets open
in Y are open in Y’ under A~ 1.
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For Type I, let U C X be open. Then h=(U) = U is open in X, and since
X CY',U CY'is open.

For Type 11, let Y\ C be open where C'is compact. Then h=1(Y\C) = Y'\C.
Since C C Y is compact and Y’ is Hausdorff, C is closed, so Y’ \ C' is open in
Y’

Therefore, h is continuous, hence a homeomorphism, and Y is homeomorphic
to Y. O

Example 1.29.8. If X = R?, then Y = S2. Take the plane and “pull up its
corners to the point at infinity” a la the Riemann sphere.

Example 1.29.9. If X is already compact (and Hausdorff still), then ¥ =
X U {oo} where {oc} is open.

Example 1.29.10. Let’s see what happens if X is compact but not Hausdorff.
Consider X = (R27 dparis), compact but not Hausdorff. Compact subsets of X
are finite unions of closed ray segments emanating from the origin.

Then every neighborhood of oo contains points arbtrarily close to the origin.
There’s uncountably many rays there, so not compact.

Corollary 1.29.11. Suppose X is Hausdorff. Then X is locally compact if and
only if for all x € X and neighborhoods U C X of z, there exists a neighborhood
W C X of z such that W is compact and W C U.

Proof. Note that “if for all x € X and neighborhoods U C X of x, there exists
a neighborhood W C X of x such that W is compact and W C U, then X is
Hausdorfl” is just strengthening Theorem [1.29.1

Therefore, we just need to show one direction. Assume X is Hausdorff. Then
consider Y = X U {oo}, the one-point compactification of X. Let z € X and
let U C X be a neighborhood of x. We need to show there exists W C X, a
neighborhood of x, such that W is compact and W C U.

We know C =Y\ U is closed in Y, hence compact. Thus there exist disjoint
open sets V and W in Y such that x € W and C' C V. Then WcCy \ V, since
W CY\V and Y\ V is closed. Furthermore, Y\ V C Y \ C' = U. Therefore
W C U as desired. O

Corollary 1.29.12. Suppose X is locally compact and Hausdorff. Suppose
A C X is open or closed. Then A is locally compact.

Proof. If A is closed, let x € A. Let C C X be compact and let V' C X be a
neighborhood of x such that V' C C. Consider ANC and VN A. VNAisa
neighborhood of z in A, and AN C is a closed subset of X compact, so ANC
is compact. Therefore A is locally compact.

If A is open, let z € A. By Corollary there exists a neighborhood
W C A of x such that W is compact and W C A. Then if we take C = W, A
is locally compact. O
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1.30 Section 30: The Countability Axioms

Definitions: first countable, second countable

Main Idea: First countable is a countable neighborhood basis. Second count-
able is a countable basis. Second countable, in particular in conjunction with
other properties, leads to nicely behaved spaces.

Definition 1.30.1. We say that X is first countable if for all z € X, there
exists a countable neighborhood basis {Up, }nen. In other words, U, is a neigh-
borhood of z for all n € N, and if V is a neighborhood of z, then there exists
n € N such that U,, C V.

Example 1.30.2. All metric spaces are first countable. Take U, = By (m, %)
for all n.

Proposition 1.30.3. If X is first countable, then

1. (x,) C A converges to x if and only if x € A.
(Note that “If (x,) — x, then x* € A” is always true. First countability
gives the other direction.)
2. A function f : X — Y is continuous if and only if for all convergent
sequences (x,) C X converging to x, (f(x,)) — f(x).
(Once again “If f is continuous, then (x,) — = implies (f(zy,)) — f(x)”
is always true. First countability gives the other direction.)
Definition 1.30.4. A space X is second countable if there exists a countable
basis { By, }neN-
Note that if X is second countable, then X is first countable.
Example 1.30.5. R" is second countable; take {Bq(p,7) |p € Q",r € Q_}.

Example 1.30.6. (R27dparis) is first countable, because it is a metric space,
but it is not second countable. To see this, observe:

Theorem 1.30.7. A metric space X is second countable if and only if there
exists A C X such that A = X. This is called “X is separable.”

Proof. If X is separable, {By(a,7) | a € A,r € Q_ } is your countable basis. If
there exists a countable basis, for each B,,, choose an z,, € B,,. Let D = {x,}.
Then we show D = X. Certainly D C X, so let £ € X. Every basis element
containing z intersects D, so x € D. O

1.31 Section 31: The Separation Axioms

Definitions: regular, normal
Main Idea: Regular spaces can separate points from closed sets. Normal spaces
can separate closed sets from each other.
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Definition 1.31.1. Let X be a space and suppose finite sets are closed in X.
We say that X is regular if for all closed sets C C X and z € X \ C, there
exist disjoint open sets U and V such that C CU and z € V.

Note that since finite sets, and in particular singletons, are closed, regular
implies Hausdorff (recall Lemma[1.26.9]). A regular space is one where we can
separate points and closed sets.

Definition 1.31.2. We say that X is normal if for all disjoint closed sets
A, B C X, there exist disjoint open sets U,V C X such that A C U and BC V.

Note that normal implies regular, since singletons are closed. A normal space
is one where we can separate closed sets.
We now list some examples, with proofs to come:

Example 1.31.3. Metric spaces are normal (Theorem [1.32.2).
Example 1.31.4. Compact Hausdorff spaces are normal (Theorem [1.32.3]).

Example 1.31.5. R with the K-topology is Hausdorff, but not regular. Recall
the K-topology (Definition where K = {1} and a basis is either (a, b)
or (a',b')\ K.*

Having the basis elements (a,b) is enough to show that Ry is Hausdorff.
However, in the K topology, K is a closed set, and there does not exist disjoint
open sets containing 0 and K. Thus R is not regular.

Lemma 1.31.6. Suppose finite sets are closed in X. Then

1. X s regular if and only if for all x € X and neighborhoods U C X of x,
there exists a neighborhood V. C X of x such that V C U.

2. X is normal if and only if for all closed sets A C X and open sets U C X
such that A C U, there exists an open set V. C X such that A CV and
VCu.

Proof. We mirror the lemma in proof:

1. First, assume X is regular. Then fix x € X and U C X a neighborhood
of . We wish to show there exists a neighborhood of x V' C X such that
VCUuU.

So X \ U is closed and does not contain z. As X is regular, there exist
disjoint open sets VW C X such that x € V and X \ U C W. Then
V CX\W,and as X \ W is closed, V C X \ W C U, as desired.

Now, fix an x € X and a closed subset A C X such that x ¢ A. We
want to separate x and A, and thus X is regular. Well, U = X \ A is an
open neighborhood of x, so thus by hypothesis there exists a neighborhood
V C X of x such that V C U. Then V and X \ V are disjoint open sets
containing = and A, as desired, so X is regular.

4We see that in the K-topology, % does not converge!
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2. It turns out that the proof of 2. is identical in both directions, replacing
z with a closed set B.

O
Theorem 1.31.7. Subspaces and products of Hausdorff spaces are Hausdorff.

Proof. Let X be Hausdorff and Y a subspace of X. Let z,y € Y, distinct, and
we wish to show we can separate them with open sets. As X is Hausdorff, there
exist U and V disjoint that do the trick in X. Then UNY and V NY do the
trick in the subspace.

Now let X, be Hausdorff for all a. Let Z,7 € [] X4, distinct, and we wish
to show we can separate them with open sets. As T # 7, there exists S such
that T(8) # y(B) € X. This implies there exist disjoint open sets U,V C Xz
that separate Z(8) and y(3). Then T € 73~ }(U) and § € ng~*(V), which are
disjoint and open by continuity of projection. O

Theorem 1.31.8. Subspaces and products of reqular spaces are regular.

Proof. Let X be regular and Y a subspace of X. As finite sets are closed in X,
they are also closed in Y. Let A C Y be closed and y € Y\ A. Then A =Y NA,
where A is the closure in X. Therefore y & A, so since X is regular, there exist
disjoint open sets U,V C X such that A C U and y € V. Then UNY and
VNY satisfy ACUNY andye VNY.

Now let X, be regular for all a, and call X = [][X,. Since regular im-
plies Hausdorff, and the product of Hausdorff spaces is Hausdorff by Theorem
1.31.7| above, X is Hausdorff, and hence finite sets in X are closed. Then take
Z € X and U a neighborhood of Z. Then there exists an open set [[ U, such
that T € [[Us C U and U, # X, for finitely many «. Then for each « such
that U, # Xa, choose a neighborhood V,, of Z(«a) such that V,, C U,, as X,
is regular and using Lemma [1.31.6] For the other as, set V, = U, = X,.
Then T € [[Va and [[Va = [[Va € [[Ua € U. Thus X is regular, again using
Lemma [1.37.6l O

Are subspaces and products of normal spaces normal? The answer is no.

1.32 Section 32: Normal Spaces

Definitions:
Main Idea: Normal spaces are pretty nice. Here’s a few theorems above con-
ditions you can apply to a space to get normality.

Theorem 1.32.1. If X is second countable and regular, then X is normal.

Proof. Let X be regular and let B be a countable basis for X. We need to show
that we can separate closed sets in X. Let C, D C X be disjoint closed sets.
Since X is regular, for all ¢ € C, considering the neighborhood X \ D of ¢, there
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exists a neighborhood U of ¢ such that U C X \ D (this is once again Lemma
L3L8).

Hence, we can cover C by {U,,} C B such that U,,ND = () for all n. Likewise,
we can cover D by {V,,} C B where V,, N C = (. We'd like to say that JU,
and |JV,, do the trick and separate C' and D, but there is a problem: some of
the U, s may intersect some of the Vs, and hence the open sets aren’t disjoint.
To fix this, we need to remove any overlap of |JU,, and |JV,,, but to maintain
openness, we only remove closures.

So, to that end, define U, = U, \ U V;, and define V,, =V, \ U U,. Then
i=1 i=1
set U' = JU," and V' = JV,'. We claim that U’ and V' do it; that C C U’,
DQV’,andU’ﬁV’i@. o
To see this, since U, N D = 0 and V,, N C = 0, we have that C C U’ and
DCV'.

Now we show if x € U’, z € V', and vice versa. Let x € U,,’. Then z ¢ U Vi,
i=1

thus 2 € Vi’ for 1 < i < n. Therefore U, NV,," = 0 if m < n. By a symmetric

argument, U,,’ NV,,," = 0 if m > n. Therefore U' NV’ = (), and X is normal, as

desired. ]

Theorem 1.32.2. If X is metrizable, then X is normal.

Proof. Suppose (X, d) is a metric space and A, B C X are disjoint closed sets.
Then we attempt to separate A and B with disjoint open sets.
For all a € A, there exists &, > 0 such that By(a,e,) N B = (. Similarly,
for all b € B, there exists g, > 0 such that Bg(b,ep) N A = (). Then let
€a € . .
U= LJ,Bd (a, 5) and let V = bg; By (b, Eb) We claim that U and V' do it.
By construction A C U, B C V, and U and V are open. We only need

to show U and V are disjoint. Suppose instead that z € U NV. Then there
exists a € A and b € B such that z € By (a, %) N Bq (b, ). But then d(a, b) <
d(a,z)+d(z,b) < 1(eqa+¢p) < max{e,,ep}. Depending on which is the max, this
shows that either b € By(a,e4), or a € By(b,ep), in either case a contradiction.
Thus UNV =0. O

Theorem 1.32.3. If X is compact and Hausdorff, then X is normal.

Proof. Suppose X is a compact Hausdorff space and A, B C X are disjoint
closed sets. Once again, we try to separate A and B with disjoint open sets.
As X is compact, A and B are compact. Furthermore, we have already seen
in Lemma [1.26.9] that compact Hausdorff implies regular. Hence for all a € A,
there exists U,,V, open such that a € U,, B C V,, and U, NV, = 0. As A
n

is compact, there exist finitely many U,,,...,U,, such that A C U U,, =U.
i=1

Then let V = ﬂ Va,- We claim this works. See that BC V,and UNV =0. O
i=1
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1.33 Section 33: Urysohn’s Lemma

Definitions:
Main Idea: Urysohn’s Lemma is the first theorem that doesn’t really follow
from definitions. Tricky!

Lemma 1.33.1 (Urysohn’s Lemma). Let X be a normal space and let A, B C
X be disjoint closed subsets. Then there exists a continuous function f : X —

[0,1] such that f(A) = {0} and f(B) = {1}.5

Proof. Let P = QN [0,1], and enumerate P; i.e., since P is countable, let
P = {py = 0,p1 = 1,p2,p3,...}, where we've specified the zeroth and first
entries are 0 and 1, and the rest are any enumeration you like. Our goal will
be to build a collection of open sets {U,},cp where 7,, C U, if p < q. Then we
will define f(z) = inf{p | z € U, }, and show that f works.

So first, let U; = X \ B. Then this is an open set containing A. Since X is
normal, there exists Uy such that A C Uy, Uy C X is open, and Uy C U;y. This
is just Lemma [1.31.6

That was the base case of constructing {U,} that does as we claim. We now
move to the inductive step.

Now let P, = {po,p1,p2,..-,Pn}, and suppose that there exists a collection
of open sets {Up, }i—, such that U,, C Up, if p; < p;. Then there exist k and [
such that 0 < k < n and 0 <[ < n where p; is the immediate predecessor of
Pn+1 and p; is the immediate successor; i.e., Py,41, in order, is 0 = pg < p; <
ce <Dk < Ppy1 < pr < ... < pp = 1. In other words, we’re squeezing p,, 1 into
the set in order.

Now, applying normality to U,, C U,,, there exists U, +1 € X open such
that U,, C Up,., and U, C Up,. Then induction has it; there exists a
collection {U, }pep, as desired.

n+1 Pn+1
We can extend this construction to all of Q simply by

U — 0 ifp<O,
P X ifp> 1.

This collection still satisfies U, C U, if p < q.

Now, we define f : X — [0,1] as described already; let f(z) = inf{p |
z € Up}. We need to show that f is continuous and that f(A) = {0} and
f(B) = {1}. We can do the latter quickly; if z € A, then z € Uy and = ¢ U, for
p < 0. Therefore f(z) =0. And if z € B, then x € U, for all p > 1 and = ¢ U,
for p < 1. Therefore f(z) = 1.

5Note that if for all A, B C X disjoint closed sets, there exists such an f : X — [0, 1],
then the sets U = f~1 ([O, %)) and V = f~1 ((%, 1]) are the disjoint open sets containing A
and B respectively need to confirm that X is normal. Therefore, we get the other direction
relatively freely.
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Note also that if 2 € U,, then f(x) < r, since x € U, C U, for all
s>r,s0 f(z)=inf{p |z € U,} <r.

Note further that if « ¢ U,., then f(z) > r, since U; C U, for s < r
implies x € U, so f(x) =inf{p |z € U,} >r.

All that remains is that we show that f is continuous; this completes the
proof. We show the preimage of open sets is open. Suppose f(z) € (¢,d). Then
there exist p,q € Q such that ¢ < p < f(z) < ¢ < d. Then take U = U, \ U,,.
By our two notes, f(U) C [p,q] C (¢,d). We need to show = € U, so suppose
it isn’t. Then either « & Uy, so f(x) > ¢, which is a contradiction, or = € 7,,,
so f(z) < p, again a contradiction. In either case, x € U, and therefore f is

continuous, as we wished to show. O

1.34 Section 34: Urysohn’s Metrization Theorem

Definitions: embedding

Main Idea: Urysohn’s Metrization Theorem says that second countable regu-
lar spaces are metrizable, via embedding them into R’. The specific embedding
is interesting, but the statement of the theorem is probably more important.

Definition 1.34.1. An embedding is a map that is a homeomorphism onto
its image. In other words, if f : X — Y is injective and continuous, f is an
embedding if X =, f(X) (where f(X) CY has the subspace topology).

Theorem 1.34.2. Suppose finite sets are closed in X. Suppose {fo : X —
R}.cs is a collection of continuous functions such that for all xo € X and
neighborhoods U C X of xg, there exists ag € J for which fo,(xo) > 0 and
fao(X\U) =0. Then F(z) = (fo(t))acs € R’ is an embedding.

Proof. We show that F' is a homeomorphism by showing F' is continuous, injec-
tive, and F~! is continuous (which we do by showing F' is an open map). Note
that injectiveness is enough, since we’re only showing a homeomorphism on the
image of F.

First, F' is continuous as each f, is.

Next, to see that F' is injective, let x,y € X such that = # y. We wish to
show F(z) # F(y). See that X \{y} is a neighborhood of z. Thus by hypothesis,
there exists ag € J such that f,,(z) > 0 and f,,(y) = 0. Since fo,(x) # fao(¥),
therefore F'(x) # F(y). Thus F is injective.

Now we show that F'is an open map. Let U C X be open. We show that
F(U) is open in Z = F(X) C R’. Fix zp € F(U) and let 25 € X be such
that F(xg) = zo. Then U is a neighborhood of zy, and by hypothesis once
more there exists oy € J such that f,,(zo) > 0 and fo, (X \ U) = 0. Now let
V =7, 1((0,00)). In other words, V is the set of elements with ag-coordinate
greater than 0. This is open in R’. Then W =V N_Zisa neighborhood of zj.
We claim that W C F(U). Indeed, if z € Z\ F(U) = F(X \ U), then z = F(y)
for some y € X \ U. Then mo,(2) = fa,(y) =0asy € X \U. Thus, z ¢ W. So
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W C F(U), and F is an open map. Therefore, F is a homeomorphism onto its
image, i.e., an embedding. O

Theorem 1.34.3 (Urysohn’s Metrization Theorem). If X is second count-
able and regular, then X is metrizable.

The idea here is to embed X into a metric space.

Proof. Let X be second countable and regular. We will define an embed-
ding X — RN. Note that the N is a result of second countability, and RN
is metrizable in the product topology, as we've seen the metric D(Z,7) =
sup {d(%‘y") |ne N} (where d is the standard bounded metric) in Defini-
tion [1.20.15

We know that X second countable and regular implies that X is normal by
Theorem [1.32.1] so we can use Urysohn’s Lemma [1.33.1

Let {B, }nen be a countable basis of X. For all m,n € N such that B,, C
B,,, by Urysohn’s Lemma there exists a continuous function g, , :
X — [0,1] such that g, ,(Bn) =1 and g (X \ Bim) = 0. Then we claim that
{gm,n : X — [0,1]} satisfies the hypotheses of Theorem and therefore
G(z) = (gmn(2))mneN € RN is an embedding.

To see this, fix xg € X and let U C X be a neighborhood of xg. There exists
a basis element B,, such that xo € B,, C U. Since X is regular, there exists
a neighborhood V of xg such that V' C B,,. Then there exists B,, such that
zg € By, and B, C VB,,. Then gy, n(0) =1>0and as X \U C X \ B,,, we
have g, (X \ U) = 0. This is enough; therefore G is an embedding. O

Note that we cannot weaken the hypotheses of Urysohn’s Metrization
Theorem [1.34.3| any further. For example, we need X to be regular, not just
Hausdorft:

Example 1.34.4. Consider the space Rk (from Definition [1.13.8)). We saw
in Example [1.31.5| that Rg is not regular, since we cannot separate 0 from
the closed set K. Since Rk is not regular, it is not metrizable (since metrizable

implies normal implies regular, see Theorem [1.32.2|and Definition |1.31.2]).
But in Example [1.31.5|we saw that R g is Hausdorff. In fact, it is also second

countable: a countable basis is the collection of (¢,r) and (gq,r) \ K, where
q,m € Q.

1.35 Section 35: The Tietze Extension Theorem

Definitions:
Main Idea: The Tietze Extension Theorem says in normal spaces, we can ex-
tend functions on closed subspaces to functions on the whole space.

Theorem 1.35.1 (The Tietze Extension Theorem). Let X be normal, and
let A C X be closed.
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1. Any continuous function f : A — [a,b] can be extended to X ; i.e., there
ezists a continuous F : X — [a,b] where F|, = f.

2. Any continuous function f : A — R can be extended to X; i.e., there
ezists a continuous function F': X — R where F|, = f.

Proof. In this proof, we’ll build a sequence of functions on X that approximate
f on A. Under a limit, we’ll have it. The key tool in this proof is this:

Suppose we have a continuous f : A — [—r,r]. Break [—r,7] into
[77",7%] U [—%,%} U [%,r]. Then let B = f~! ([77‘,75) and let
C=f1 ([%,7’]) Then by continuity of f, B and C are closed and
disjoint in X. By Urysohn’s Lemma there exists g : X —
[—%, 2] such that g(B) = —% and g(C) = %. In other words, g is the
function that caps off f with a constant piece when it goes above %
or below —% and is defined on all of X. Notice then that for every
a € A, |f(a) —g(a)] < %5 ie., both f(a) and g(a) lie on the same

3
interval of width %’
So now let’s prove the theorem. We start with the first part:

1. Let f: A — [-1,1]; we wish to show we can extend f to X. By the
key tool, there exists g1 : X — [—3,3] where |f(a) — g1(a)| < % for
a € A. Now consider f —¢g; : A — [—%, %] By the key tool, there exists

g2 1 X — [—2, 2] where |f(a) — g1(a) — g2(a)| < (%)2 for a € A. Continue
inductively in this fashion to build g, : X — [—% (%)n ,% (%)n] where
|f(a) —g1(a) — ... — gn(a)| < (%)n for a € A.

Now, set g(x) = Zgn(x) As |gn(2)] < & (%)nfl, we have
n=1

l9()| = g)lgm) = ii(é)

By the Weierstrass M-test, we have that g : X — [—1, 1] is well defined
and continuous. We claim that g an extension of f. We have already seen
that g is continuous and maps the correct domain and codomain. It just
remains to be seen that g|, = f.

n
To see this, let s, (z) = Zgi(x), so that s, — g. If @ € A, then |f(a) —
i=1

s(a)] = |f(a) —g1(a) — ... = gn(a)| < (%)n Asn — oo, s, = f, so for
a€ A, gla) = f(a), as desired.

2. Now let’s prove the second part, where f : A — R. We can compose
f with a homeomorphism so that we prove the theorem for f, : A —
(=1,1) € [-1,1]. By part 1., we can extend f, to a map g: X — [-1,1],
but we need the extension to map into the open interval (—1,1).
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To that end, let D = g~'({—1,1}). Then D is closed, since it is the
preimage of a closed set, and it is disjoint from A, since g(A4) = f(A4) C
(=1,1). Then by Urysohn’s Lemma there exists h: X — [0, 1]
where h({0}) = {0} and h(A) = {1}. Then let F(z) = h(z) - g(z); we
claim this F' works. We need to show F' is continuous, F|, = f, and that
F:X—(-11).

First, F' is continuous, since h and g are. Second, if a € A, then F(a) =
h(a)g(a) = g(a) = f(a). Finally, if z € D, then |F(z)| < 1, and if x € D,
then F'(z) = 0 < 1. Therefore F'(z) € (—1,1), and we have done it. O

1.36 Section 36: Embeddings of Manifolds

Definitions: manifold, surface, support, partition of unity

Main Idea: Getting comfortable with manifolds; we will explore them much
deeper in the future and in the second semester. That every m-manifold can be
embedded into R™ is important, but the proof is not.

Definition 1.36.1. A second countable Hausdorff space X such that every
point has a neighborhood homeomorphic to an open set in R™ is called an m-
manifold. We can also say that an m-manifold is second countable, Hausdorff,
and locally Euclidean.

Example 1.36.2. Clearly R™ is a manifold.

Example 1.36.3. S' = {(z,y) € R? | 22 +¢? = 1} is a l-manifold. It’s
obvious with a year of topology baggage, but let’s show it explicitly. Consider
the four charts Uy = {(1,0) | 0 < 6 < 7w}, U_ = {(1,0) | 7 < 0 < 2w},
Vi ={(1,0)| -2 <60 < Z},and V_ = {(1,0) | £ < 6 < 2Z}. Then, for
example, ¢ : Uy — (0,7), ©((1,6)) = 6 is a homeomorphism. Similarly, each of

U4, V4 is homeomorphic to R.

Example 1.36.4. Now consider S" = {(xo,...,xn) e R | S 2 = 1}. Sn
can be covered by 2(n + 1) charts; e.g., using cartesian coordinates this time,

Ui)+ = (1‘0, ,.In) | Zl‘jQ <l,x;= |1— Zl‘jQ
J#i J#i

Then ¢; 4 : Ui+ — Bg(0,1) C R" by dropping the ith coordinate is a homeo-
morphism. Thus S™ is an n-manifold.

Example 1.36.5. Let’s see something that is not a manifold. Consider X =
R U {*}, the line with two origins. Neighborhoods of {*} are U \ {0} U {x},
where U is a neighborhood of {0}. The line with two origins is not Hausdorff,
since {0} and {*} cannot be separated. Thus it is not a manifold.
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Example 1.36.6. Another non-example is (—1, 1) x R where we give R the dis-
crete topology. We can think of this space as an uncountable union of intervals.
This space isn’t second countable, so it is not a manifold.

Proposition 1.36.7. Any connected 1-manifold is homeomorphic to either R
or St.

Definition 1.36.8. A 2-manifold is called a surface.

Example 1.36.9. Some examples of manifolds which are orientable (Definition
??) are S2, the torus S x S1, and surfaces of genus 2, 3, and so on.

Example 1.36.10. Let’s construct a non-orientable manifold. This is the real
projective plane RP2.

We begin by defining an equivalence relation on $2 C R® by Z ~ —Z. We can
see that every equivalence class has a representative where the z-coordinate is
nonnegative. This representative is unique except on the equator, where z = 0.

Thus we can think of ¥ Q/N as the upper hemisphere, homeomorphic to a closed
disk. Then we identify antipodal points on the boundary. This space doesn’t
exist in R®. A picture was drawn that isn’t very helpful. It’s easier to think of
RP? as a quotient space, an identified polygon.

Definition 1.36.11. The support of a map ¢ : X — R is defined to be
supp(p) = ¢~ 1(R\ {0}). The support of a map is the closure of its nonzero
image.

Definition 1.36.12. Suppose {Uy,...,U,} is a cover of a space X. A family of
continuous functions {p; : X — R} is a partition of unity dominated by

(or subordinate to) {U;} if supp(y;) = ;"1 (R\ {0}) C U; and for all z € X,
Z(pl(a:) =1
i=1

Theorem 1.36.13. If {U;}7, is a cover of a normal space, then there exists
a partition of unity dominated by the cover {U;}7_,.

Proof. We give a bird’s eye view of the proof. Since X is normal, we can find
covers {W;} and {V;} where W; C V; and V; C U;. Then Urysohn’s Lemma
applied to W; and X \ V; gives continuous functions f; : X — [0,1]
such that f;(W;) = {1} and f;(X \ Vi) = {0}. This actually will give you the
functions needed, but they don’t sum to 1. However, since there’s only finitely
many, just normalize them so that they do. O

Theorem 1.36.14. If X is a compact m-manifold, then X can be embedded
into R™.

Proof. As X is compact, cover X by {U;}7 ;. Let g; : U; = R™ be embeddings.
There are finitely many g;s by the compactness of X. Furthermore, X is normal
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since it is compact and Hausdorff. Let {¢; : X — R} be the corresponding
partition of unity. Then define h; : X — R™ by

hi(w) = { g ! if v € X \ supp(yp;).

Then all h; are continuous, by the Pasting Lemma

Define f : X — R" x (R™)" by f(x) = (p1(2), ..., on(x), h1(T), ..., hn(2)).
We claim that f is the embedding of the m-manifold. Since X is compact and
Hausdorff, it suffices to show f is injective to be a homeomorphism. To see
this, suppose f(x) = f(y). Then there exists i such that v;(z) = ¢;(y) > 0.
This implies that z,y € supp(p;) C U;.Thus ¢;(x)g:(z) = hi(z) = hi(y) =
vi(¥)g:(y), and since @;(x) > 0, g;(x) = g;(y). Since g; is an embedding, g is
injective, and therefore x = y, as desired. O

1.37 Section 37: The Tychonoff Theorem

Definitions:
Main Idea: Products of compact spaces are compact.

Before we give the Tychonoff Theorem we outline some idea of the
proof. First, note that we will use the closed set formulation of compactness,
i.e., the finite intersection property (Definition . The main idea is
this:

Let X; and X5 be compact. Suppose A is a collection of subsets of X7 X
X5 with the finite intersection property. Then consider the collections A; =
{m(A) | A € A} and Ay = {m(4) | A € A}. By construction, A; is a
collection in X; and Ay is a collection in X5. Each has the finite intersection
property. As each X; is compact, there exists x; such that z; € ﬂ A. We

AcA;
ask: is (z1,22) € n A? The answer is no, not necessarily. Not only could

AcA
(21, z2) miss at least one A;, it could miss all of them! To see this, consider the

following picture.

Xa

A,

iy & X,

™A,

Therefore, the main idea will be to enlarge A so that this will work. The
more sets we add, the more restrictive the intersection will become.
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Lemma 1.37.1. Let X be a set and A a collection of subsets with the finite
intersection property. Then there exists a collection D such that

1. ACD,

2. D has the finite intersection property, and

3. if D C D' and D' has the finite intersection property, then D = D’.
We say that D is maximal with respect to the finite intersection property.

Proof. We use Zorn’s Lemma: As long as simply ordered subsets have an
upper bound, then maximal elements exist.

Let X be the collection of subsets of X with the finite intersection property
that contain A. Let ) C X be a simply ordered subset, and let Z = U Y,

Yey
where each Y is a collection of subsets in X. We claim this is the collection we

seek. It suffices to show that Z has the finite intersection property, since Z is
an upper bound to Y and A C Z.

Let C4,...,C, € Z. As Y is simply ordered, there exists Y € ) such that
C1,...,C, € Y. AsY has the finite intersection property, C; N...N C, # 0.
Hence Z has the finite intersection property. O

Lemma 1.37.2. Suppose D is maximal with respect to the finite intersection
property. Then:

1. If C4,..C, € D, then C1N...NC, € D.
2. IfANC # 0 for all C € D, then A € D.
Proof. We prove each at a time:
1. Let B=C1N...NC,. We'll show that DU {B} has the finite intersection
property, and the result follows by maximality of D.
Given Dq,....D,, € D,then BND1N..ND,, = (Cl n... ﬂCn) NDiN...N
D,, # 0, since it is a finite collection from D. Thus DU {B} = D.

2. As in 1., we show D U {A} has the finite intersection property. Let
Ci,....,Cp, € D. Then C = CyN..NC, € D by part 1. Then AN
CiN..NCp=ANC #0. O

Theorem 1.37.3 (Tychonoff Theorem). If {X,}acs is a family of compact
spaces, then X = H X, is compact (in the product topology).
acJ

Proof. Let A be a collection of subsets of X with the finite intersection property.

We'll show ﬂ A # 0 (Theorem [1.26.15).
AcA
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By Lemma let D be maximal with respect to the finite intersection
property and with A C D. It suffices, therefore, to show that ﬂ D #10, as
DeD
we’re taking the intersection over more sets, which can only shrink.
So, as each X, is compact, there exists z, € ﬂ To(D). We claim that
DeD
T = (fﬂa)aeJ € m D.
DeD
To see this, fix a € J. Then for all U, C X, neighborhood of z,, we have

that U, N 7o (D) # 0 for all D € D, since z, € m(D). This implies that
7o H(Us) N D # ) for all D € D.

By maximality of D we can use part 2. of Lemma to thus show that
7o t(Uy) € D for all a € J and for all neighborhoods U, of x.

Then by part 1. of Lemma for all avq, ..., € J, the set mo, ~1 (U, )N
e N 7o, "1 (Uy,,) € D for all neighborhoods Uy, of z4,. But 7o, "1 (Ua,) N ... N
Ta, 1(Uy,) is a basis element for the product topology that contains 7. Hence
every basis element of the product topology containing 7 is in D, and hence
intersects every D € D nontrivially. There Z € D for all D € D, and thus
ﬂ D # (), as desired. O
DeD

1.43 Section 43: Complete Metric Spaces

Definitions: Cauchy, complete, bounded, set of bounded functions, set of con-
tinuous functions, sup metric, completion

Main Idea: Completeness is not a topological invariant. Of importance are
B(X,Y) and C(X,Y).

Definition 1.43.1. Let (X, d) be a metric space. A sequence is Cauchy if for
every € > 0, there exists N > 0 such that for all m,n > N, d(x,, zm,) < .

Definition 1.43.2. (X,d) is called complete if every Cauchy sequence con-
verges.

Note that if we consider the standard bounded metric d(z, y) = min{d(z,y), 1},
then (X, d) is complete if and only if (X, d) is.

Lemma 1.43.3. (X,d) is complete if and only if every Cauchy sequence has a
convergent subsequence.

Proof. Tf (X, d) is complete, then every Cauchy sequence converges, so take the
subsequence of the sequence itself.

If every Cauchy sequence has a convergent subsequence, then let (x;) be
Cauchy and (z;, — = a convergent subsequence. Then for any € > 0, there exists
N such that for all n,m > N, d(xy,, z,) < 5. Also, there exists M such that for
all k > M, d(x;,,r) < 5. Then for n,m > N, M there exists i > M, N such
that, by the triangle inequality, d(z,,z) < d(z,,z,) + d(zi,2) < §+ § =&,
so (z,) — . O
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Theorem 1.43.4. The metric spaces (Rk7d) and (Rk'7p) are complete.
Recall that p is the square metric in Definition [1.20.10|

Proof. Let’s first show that (Rk, p) is complete. Let (z,,) be a Cauchy sequence
in (R*, p); we wish to show it converges. We first claim that the set {x,} is
bounded in R¥.

To see this, there exists N such that for all n,m > N, d(zy, ) < %, as ()
is Cauchy. Set M = max{p(x1,0,...,0) +1, p(22,0,...,0) + 1, ..., p(zn,0, ..., 0) +
1}. Then z1,...,an € B,(M,0,...,0). Also, for n > N, p(z,,zy) < 3, s0
z, € B,(M,0,...0). Therefore for all n, x,, € [-M, M]*, so {z,,} is bounded.

Since [—-M, M]™ is compact and in a metric space, this is equivalent to se-
quential compactness (see Definition [1.28.4] and Theorem [1.28.5)), (z,,) has
a convergent subsequence. Therefore, by Lemma 1.43.3L (R¥, p) is complete.

Now we show that (R¥,d) is complete. Note that a sequence is Cauchy in
(Rk, d) if and only if it is Cauchy in (Rk, p), and a sequence converges in (Rk, d)
if and only if it converges in (Rk7 p). Therefore, by the first half of this proof,
we are done. O

Lemma 1.43.5. Let X = [[ X, and 7 : X — X, be the projection onto the
a-coordinate. Then (x,) — = € X if and only if, for all o, (mo(xn)) — ma(z) €
Xa-

Proof. Let (x,,) = x. Then for all «, 7, is continuous, so by Theorem [1.21.7|
(Ta(@n)) = ma ().

Now, assume for all a that (7o (z,)) = 7o(z). Then using all a, ()
defines an z € X, and for all n, 7, (z,) defines an z,, € X, by the Axiom of
Choice. Simply choose x and z,, such that every ath coordinate works. We
now claim that (z,) — «.

Now let U C X be a neighborhood of x, and let z € B C U where B is a
basis element. Then B = H U,. So in each coordinate « there exists N, such

acJ
that for all n > Ny, 7 (2,) € Uy, by its convergence. Then set N = sup{N,}.

In the product topology, this will not be infinity, since for all but finitely many
a we have N, = 0. Thus N € N, and (z,) — z, as desired. O

Theorem 1.43.6. RY is complete.

Note that a Cauchy sequence in RN is (x,,) where each @, = (2, Zny, ---).
Note further that completeness depends on the metric. Thus our first goal will
be to procure a metric D such that (RN, D) is complete.

Proof. Let (R,d) be R with the standard bounded metric, d(a,b) = min{|a —
bl,1}. Then recall the product metric, Definition [1.20.15} which makes a met-
tic space (RN, D), where D(F, ) = D((x1,2,...), (y1,,-..)) = sup { 211
By Theorem [1.20.16| D induces the product topology. We now claim that
(RN, D) is complete. B

Let (z,) be Cauchy. Then for all ¢, d(m;(z), m;(y)) < iD(z,y). Since (z,) is
Cauchy, for all i, m;((x,)) is Cauchy. By Lemma [1.43.5| we are done. O
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Example 1.43.7. Here are some spaces that are/are not complete:
1. Q is not complete.
2. R is complete.
3. (0,1) is not complete.
4. (0,00) is not complete.

Note something very important! We have just said R is complete and (0, c0)
is not. But R 2 (0,00) (one such homeomorphism is exp : R — (0, 00), with
inverse In). Therefore, completeness is not a topological invariant, and our
examples are a bit misleading, because this remark shows we can find metrics
to make spaces complete (compose with homeomorphisms, for example).

Now recall Definition the uniform metric is defined to be p(Z,7) =
sup{d(Za,¥a) | @ € J}.

Theorem 1.43.8. If (Y,d) is complete, then (Y7, p) is complete.

Proof. Let (z;) be a Cauchy sequence in Y”/; we need to show it converges.
Recall from Definition that Y/ = {f : J — Y}. Then we rename (z;)
to (fn)-

Fix a € J. Then d(fn(a), fm(a)) < p(fn, fm). Thus for every «, fn(a)
is Cauchy. Since Y is complete, (f,(a)) — f(a) € Y. Therefore we get a
function f : J — Y, or in other words, f € Y. Then, we have that p(f,, f) =
sup{d(f.(a), f)} < € for n sufficiently large, and thus (f,) converges. O
acJ

In particular, considering the previous theorem, we can take J = X a topo-
logical space. Then (Y,d) complete implies (Y, 7) is complete. We now take
some time to talk about Y = {f : X — Y}, a function space.

Definition 1.43.9. A function f € Y¥ is called bounded if there exists M > 0
such that for all x1,z2 € X, d(f(x1), f(x2)) < M.

Definition 1.43.10. Define B(X,Y) C YX to be the set of bounded func-
tions from X to Y;ie., f € B(X,Y)if f: X — Y is bounded.

Definition 1.43.11. Define C(X,Y) C Y¥ to be the set of continuous func-
tions from X to Y;ie., f€C(X,Y)if f: X — Y is continuous.

Theorem 1.43.12. Let (Y,d) be a metric space and let X be any topological
space. Then B(X,Y) and C(X,Y) are closed in (YX,p).

Note that therefore, if (Y, d) is complete, then (B(X,Y),p) and (C(X,Y),p)
are complete.

Proof. We start with showing B(X,Y) is closed. Let f be a limit point of
B(X,Y); we show that f € B(X,Y), i.e., that f is bounded. Since f is a limit
point, there exists a sequence (f,) C B(X,Y) such that (f,) — f. Then let N
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be such that p(fn, f) < 2. Thus d(fn(z), f(z)) < %, so d(fn(z), f(2)) < 3.
Since fn € B(X,Y), let M be the bound on fy(X); i.e., diam(fy(X)) < M.
Then diam(f(X)) < M + 1, so f is bounded, as desired.

Now, we show C(X,Y) is closed. Let f be a limit point of C(X,Y); we
show that f € C(X,Y), i.e., that f is continuous. Since f is a limit point,
there exists a sequence (f,) € C(X,Y) such that (f,) — f. We show that
the convergence is uniform (Definition , and therefore by Theorem
f is continuous.

To see this, let ¢ > 0. Then, since (f,) — f, there exists N such that
if n > N, p(f, fn) < e. Thus d(f.(z), f(z)) < ¢, for all z € X. Thus (f,)
converges to f uniformly, and we have that f is continuous, as desired. O

Definition 1.43.13. We define the sup-metric on B(X,Y) by, if f,g €
B(X.Y), p(f,9) = Sug{d(f(x),g(x))}
xE

Lemma 1.43.14. The sup-metric is a metric.

Proof. Reflexive and symmetric follow as d is a metric and a supremum pre-
serves these properties. The triangle inequality is also as immediate, but we
go ahead and show it: p(f,h) = sup{d(f(z),h(z))} < sup{d(f(z),g(x)) +
d(g(x), h(x))} = sup{d(f(z), g(x))} +sup{d(g(x), h(x))} = p(f.9)+p(g,h). O

Lemma 1.43.15. p(f, g) = min{p(f, g), 1}, mirroring our other bounded metric
notation!

Proof. If p(f,g) > 1, then there exists x € X such that d(f(z),g(x)) > 1, so
d(f(r),g(x)) =1, and therefore p(f,g) = 1.

If p(f,9) <1, then d(f(z),g(x)) = d(f(z),g(x)) <1 for all z, so p(f,g) =
p(f.9)- O

Therefore, if B(X,Y') is complete under p, then B(X,Y) is complete under
p. Furthermore, if X is compact, then every continuous function f: X — Y is
bounded, so C(X,Y) C B(X,Y), and C(X,Y) is complete under p too.

Theorem 1.43.16. If (X, d) is a metric space, then (X, d) embeds isometrically
into a complete metric space; i.e., if ® : (X,dx) — (Y,dy) is an embedding,
then dy (®(a), ®(b)) = dx(a,b).

Proof. We see that B(X, R) is complete, as every bounded sequence of functions
into R converges to a bounded function. We’ll embed (X, d) into B(X,R).

Fix 29 € X. Then for all a € X, define ¢, (z) = d(z,a) — d(z, ). We'll use
these ¢4s to build an isometric embedding. First, we show that ¢, is bounded.

Since d(x,a) < d(z,z9) + d(zp,a) by the triangle inequality, we see that
lpa(z)] = |d(z,a) — d(x, z0)| < d(a,zp), finite as d is a metric.

Now let’s build the embedding. Let ® : X — B(X,R) be ®(a) = p,. We
claim that ® is an isometric embedding into (B(X,R),p). That is, we must
show for all a,b € X, p(¢q, ¢p) = d(a,b).

99



To see this, observe that
p(a; o) = Sgg{l%(w) —p(@)[}

522{|d($’a) —d(z,b)[}

So p(pa,vp) < d(a,b). Now we just need to show the inequality in the other
direction.

Let x = a, and we get |¢,(a) — pp(a)| = |d(a,a) — d(a,b)| = d(a,b). Since p
is a supremum, it follows that p(p,, pp) > d(a,b), and thus p(vq, vp) = d(a,b),
so ® is an isometry. O

Definition 1.43.17. Let X C Y. If f: X — Y is an isometric embedding into
a complete metric space, then f(X), the closure of the image of X, is called a
completion of X.

1.44 Section 44: A Space-Filling Curve

Definitions:
Main Idea: Counter-intuitive at first, but clever.

We know that |I| = |I2|. We build a “space filling curve®” f : I — I?, where
f is surjective and, moreover, continuous!

First, we give I? the square metric (Definition[1.20.10)), d(%, ) = max{|z;—
y1], |w2 — y2|}, and C(I, I?) the uniform metric (Definition [1.20.13)), p(f,g) =
sup{d(f(z),g(x)) | # € I}. Note that C(I, I?) is complete in p, since I? is closed,
hence complete in d. So if we build a Cauchy sequence of continuous functions,
then they will converge to a continuous function. We do this, and then show
that the limit function is surjective.

For fy, take [0, 1] and divide it into two pieces. Map the first piece linearly
from the bottom left corner to the center of I?, and the second linearly from
the center to the bottom right corner. It is clear that fy is continuous.

For fi, take I? and divide it into four equal parts. Take [0,1] and divide
it into four pieces. Map the first piece into the bottom left corner, connecting
its bottom left and top left corners, using the structure of f described above.
Then map the second piece of [0, 1] into the top left corner of I2, the third into
the top right, and the fourth into the bottom right, connecting up all the ends
so that f; is continuous. fy and f; are pictured below.

SThis is the Peano curve!
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Inductively, continue to subdivide I? and I and map in these triangluar regions.
f2 and f3 are labeled below.

2

fs
P S
O O O o |

We get a sequence (f,,) € C(I,1?).
Lemma 1.44.1. As we have constructed it, (f,) is Cauchy.

Proof. First, note that for a fixed z, d(fn(z), fo1(z)) < 3=, because both
points must lie in the same subsquare of length 2% Therefore, for m > n,
d(fn(x), fm(x)) < 2% + 2,1% + ...+ 2,,3,1 < 27%1, which can be made arbitrarily
small. Thus (f,) is Cauchy. O

Therefore, since C(I, I?) is complete, (f,) — f € C(I,1?). All that remains
to be seen is that f is surjective:

Lemma 1.44.2. As we have constructed it, f is surjective.

Proof. Let T € I?; then we wish to show that Z € f(I). Fix an n; then for
some y € I, the distance from f,(y) to T is 2%, since they share some subsquare
of width 2% Let ¢ > 0 and let N be such that p(fn,f) < § and 2%\, < 5.
Then d(z, f(y)) < d(Z, fn(y)) +d(fn (), f(y)) < e, so the e-neighborhood of T

intersects f(I); i.e., T € f(I). But I is compact, so f(I) is compact, and in a

metric space, closed. So f(I) = f(I), and thus T € f(I), as desired. O

61



1.45 Section 45: Compactness in Metric Spaces

Definitions: totally bounded, equicontinuous, pointwise bounded
Main Idea: A lot of machinery in this section builds up to Arzela-Ascoli.

Definition 1.45.1. (X,d) is totally bounded if for all € > 0 there exists a
finite covering of X by e-balls.

Note that totally bounded implies bounded. Not the converse, however:

Example 1.45.2. Consider (R, d). We see that it is bounded, but not totally
bounded.

To see bounded, let ¢ > 1 and fix x € R. Then R C By(z,¢).

To see not totally bounded, see that if ¢ < 1, then there does not exist a
finite covering of R with e-balls.

Theorem 1.45.3. (X,d) is compact if and only if it is complete and totally
bounded.

Proof. If (X, d) is compact, then it is complete, because compact implies conver-
gent subsequences, so Lemma has it. To see that it is totally bounded,
let € > 0 and cover X with e-balls. Since X is compact, there is a finite subcover,
and we have it.

Now assume (X,d) is complete and totally bounded. We show that X is
sequentially compact (Definition , and Theorem gives us com-
pactness.

Let (z,) € X be a sequence; we wish to show it has a convergent subse-
quence. Then cover X with 1-balls, finitely many by total boundedness. One
of those balls B; must contain infinitely many points of (z,). Pick any point
in that ball; call it z;,. Then cover X by %—balls, and one ball By has in-
finitely many points in (z,) N B1. Let x;, be a point in there, distinct from
xj,. Inductively, we have B}, of radius 2% and x;, € By. Then By N By has
infinitely many points of (z,). In particular, d(z;,,;,) < 57=. Therefore,
(xj,) is Cauchy, and as X is complete, (x;,) converges. We have constructed a
convergent subsequence of an arbitrary sequence, so X is sequentially compact,
therefore compact. O

Definition 1.45.4. Let (Y, d) be a metric space. Let F C C(X,Y"). We say F is
equicontinuous if for all xy € X and € > 0, there exists an open neighborhood
U of zg such that f(U) C Bg(f(xo),e) for all f € F; ie., for all z € U,
d(f(x), f(zo)) <e.

Definition 1.45.5. We say that 7 C C(X,Y) is pointwise bounded if for all
re X, {f(z)| feF} CY is bounded.

Lemma 1.45.6. If F C C(X,Y) is totally bounded, then F is equicontinuous.
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Proof. Fix x9 € X, and ¢ such that 0 <e < 1. Let § = 5. Cover F by finitely
many J-balls in the uniform metric; ie., A = {B5(f1,9),..., B5(fn,0)} 2 F.
Then for z € X, there exists a neighborhood U of z such that d(f;(x), fi(zo)) <
0 for all ¢ < n. Then given f € F, as A is a cover, we have f € B5(f;,d) for
some 4, and so for z € U,

d(f(x), fi(z)) <9, as B(f, fi) <9,
d(fi(zo), fi(z)) < 4, by choice of U, and

d(fi(zo), f(z0)) < 6, as p(f, fi) < 6.

Since § < 1, the metric d agrees with d, so by the triangle inequality, we see
that d(f(z), f(zo)) <&, s0 f(U) C Ba(f(z0),€), and F is equicontinuous. O

Lemma 1.45.7. If X and Y are compact and F C C(X,Y) is equicontinuous,
then F s totally bounded.

Proof. As X is compact, the sup-metric p (Definition is defined, and
p is totally bounded if and only if the uniform metric p (Definition
is totally bounded, so we show using p.

Fix ¢ > 0. Let 6 = 5. For all a € X, there exists a neighborhood U, of a
such that d(f(z), f(a)) < 0 for all x € U, and f € F.

As X is compact, we can cover X by finitely many such U,,,...,U,,. Fur-
thermore, since Y is compact, we cover it with finitely many V7, ..., V,,, where
diam(V;) < 4.

Let J = {a|{1,...,k} = {1,...,m}}. Then |J| = m* < oo, so for all a € J,
if there exists f € F such that f(a;) € V,() for all i = 1,...,k, then pick one
such f and denote it f,. Then let J' C J be {a | fo € F}. We now claim that
B,(fa,€) covers F, and therefore F is totally bounded.

To see this, let f € F. There exists a € J' such that f(a;) € Vy(q,). We
need to show that p(f, fo) < e. Let x € X, so x € U,, for some a;. Then

d(f(z), f(a;)) < 6, by choice of U,, and equicontinuity of F,
d(f(ai), falas)) < 0, as both lie in V,,;y and diam(V, ;) < 6, and
d(fola;), fa(z)) < 6, by choice of U,, and equicontinuity of F.

Therefore d(f(z), fa(x)) <€, so p(f, fa) < €,, and F is totally bounded. O

Theorem 1.45.8 (Classical Arzela-Ascoli). Let X be compact. Let (R",d)
be R™ with either the square metric or the Eucidean metric. Then F C C(X, R™)
has compact closure (i.e., F is compact) if and only if F is equicontinuous and
pointwise bounded.

Proof. First, assume that F has compact closure. Let F = G. Then G is
compact. By Theorem [1.45.3] G is totally bounded, so F is. By Lemma
1.45.6| F is equicontinuous. Since G is bounded, F is bounded, so F is pointwise
bounded.
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Next, assume that F is equicontinuous and pointwise bounded. Our first
goal is to show that this implies that F = G is equicontinuous and pointwise
bounded.

To see that G is equicontinuous, fix zop € X and € > 0. Then there exists
a neighborhood U of z such that d(f(xo, f(z)) < § forall x € U and f € F.
Let g € G. Then let f be such that p(f,g) < §. Analogous to Lemmas
and d(g(x),g(xo)) < e for all x € U. Therefore G is equicontinuous.

To see that G is pointwise bounded, fix a« € X. Call {f(a) | f € F} = Fa.
Then as F is pointwise bounded, there exists M such that diam(F,) < M. Let
9,9 € G. Then there exists f, f/ € F such that p(f,g) < 1 and p(f’,¢') < 1.
Therefore, d(g(a), ¢'(a)) < M + 2, and G is pointwise bounded.

We now have that G = F is equicontinuous and pointwise bounded. We now
claim that | ] g(X) € [-N, N]™.

€g

To see ihis, cover X by U,,,...,U,, where if x € U,, and g € G, then

d(g(x),g(a;)) < 1. Then call U g(a;) = Ga,. Ga, is bounded since G is pointwise

geg
k

bounded. Then consider U Gq,. This is bounded as the union of finitely many
i=1
bounded sets is bounded. By construction, every g(z) has distance at most 1
k

from some point in U Ga,;- Therefore for some N, U g9(X) C [-N,N]". Call
i=1 geg
[-N,N]" =Y.

We now use everything developed thus far to show that G is compact. See
that G C C(X,Y). X is compact by hypothesis, and we have shown that Y is
compact, so by Lemma g is totally bounded. Since G is a closed subset
of C(X,Y) which is complete, G is complete. Finally, by Theorem g
complete and totally bounded implies G is compact, as desired. O

1.46 Section 46: Pointwise and Compact Convergence

Definitions: compact convergence topology, pointwise convergence topology,
compact-open topology, evaluation map, homotopic

Main Idea: Perhaps these topics are best intuitively understood in a real anal-
ysis perspective. Get extra comfortable with them there, and then see how they
generalize into abstract topological spaces.

We can define various topologies on C(X,Y) C YX:
First, recall the uniform topology, induced by the uniform metric (Definition

on YX. Recall 5(f,g) = sup{d(f(z),g(z)) | v € X}.

Definition 1.46.1. Let (Y, d) be a metric space and X a topological space. If
C C X is compact, f € YX, and ¢ > 0, then a basis is given by Bc(f,e) =
{g € YX | sup{d(f(x),g(x)) | z € C} < e}. This basis generates the compact
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convergence topology on YX. We sometimes say this is the topology of
uniform convergence on compact sets (UCC).

Definition 1.46.2. Let x € X and let U C Y be open. Let S(z,U) = {f €

n

YX | f(xz) € U}. Then a basis is given by {ﬂ S(x4, Ui)}. This basis generates
i=1

the pointwise convergence topology on Y X.

We remark that S(x,U) = 7, ~1(U), so the pointwise convergence topology
is just the product topology on YX.

Proposition 1.46.3. The pointwise convergence topology (product topology)
18 coarser than the compact convergence topology, which is coarser than the
uniform topology. Furthermore, if X is compact, then by definition the compact
convergence topology (UCC) is equivalent to the uniform topology.

Theorem 1.46.4. A sequence (f,) — f in Y with the compact convergence
topology if and only if ( fulo) = flo uniformly for all C C X compact.

Proof. First suppose (f,) — f in UCC, and let C C X be compact. Then
let ¢ > 0. There exists N such that if n > N, then f, € B¢(f,e). Thus,
d(fn(z), f(x)) < e for x € C and n > N. Therefore ( f,|-) = f|o uniformly,
as desired.

The converse is similar; for large n, f, € Bo(f,¢). O

Theorem 1.46.5. A sequence (f,) — f in YX with the pointwise convergence
topology if and only if (fn(z)) — f(x) for allx € X.

Proof. Since the pointwise convergence topology is the product topology, this
is exactly Lemma [1.43.5 O

Definition 1.46.6. Let X and Y be topological spaces. Let C' C X be compact
and U C Y be open. Then let S(C,U) = {f € YX | f(C) C U}. Then a basis is
given by {N;—, S(C;,U;)}. This basis generates the compact-open topology
on C(X,Y).

We remark that the pointwise convergence topology is coarser than the
compact-open topology. Also note that this looks like pointwise convergence
but doesn’t require that (Y, d) is a metric space. In fact:

Theorem 1.46.7. If (Y,d) is a metric space, then the compact convergence
topology and the compact-open topology on C(X,Y) are the same.

Proof. For a bit of notation, let N.(A4) = U By(a,e). We call N.(A) the e-

a€cA
neighborhood of A. For the proof, we will show that each basis is contained in

the other.
To show that the compact-open topology is coarser than UCC, let f €
S(C,U). Then as f is continuous, f(C) C U is compact. Hence f(C) C
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N:(f(C)) C U, since we can take ¢ = inf{d(a,Y \U) | a € f(C)}. Therefore
f € Bo(f,e) CS(C,U), as desired.

To show that UCC is coarser than the compact-open topology, let f €
Be(f,e). Then each x € X has a neighborhood V, such that f(V,) C U,
where diam(U,) < ¢, since as f is continuous, f(V,) C f(V.). As C is com-
pact, we can cover C' with finitely many V,,,...,V,, , and set C; = C N V,,.
C; is compact, as it is a closed subspace of a compact space C. Therefore,
fes(C,U;,)N..NnS(Cp,Uys,) C Beo(f,e), as desired. O

Corollary 1.46.8. The compact convergence topology on C(X,Y) doesn’t de-
pend on the metric on Y.

Furthermore, if X is compact, then since the uniform topology agrees with
the UCC topology on C(X,Y), the uniform topology doesn’t depend on the metric
onY either.

Definition 1.46.9. We define the evaluation map e : X x C(X,Y) — Y by
e(z, f) = f(x)-

Theorem 1.46.10. Let X be locally compact and Hausdorff. Let C(X,Y) have
the compact-open topology. Then the evaluation map is continuous.

Recall locally compact in Definition [1.29.2

Proof. Let V be a neighborhood of e(x, f) = f(z) in Y. Since X is locally
compact and Hausdorff, and f is continuous, by Corollary [1.29.11] there exists
a neighborhood U C X of x such that U is compact and f(U) C V. Therefore,
(z,f) €U x S(U,V) C e }(V), and e is continuous. O

We make a quick remark here. If f: X x Z — Y is a continuous function,
then we get an induced function f : Z — C(X,Y) by (f(2))(z) = f(z,2) =
fz(x). We neglect to use this to define “induced functions,” since we use that
terminology a whole bunch in algebraic topology, and it doesn’t quite coincide
with this definition. For the definition we prefer to use, see Definition [1.52.6]

Theorem 1.46.11. If f : Z — Y is continuous, then f : Z — C(X,Y) is con-
tinuous, using the compact-open topology. Furthermore, if X is locally compact
and Hausdorff, then if f is continuous, then f is continuous.

Proof. First, let f be continuous and X locally compact and Hausdorff. We
show that f is continuous, because f is just the composition f: X x Z ddxxd,
X xC(X,Y) S Y, e, (z,2) = (z,f.) = f.(x) = f(x, 2), so f is continuous.

Conversely, suppose f is continuous; we need to show that f is. Let z9 € Z,
and f(z0) € S(C,U) C C(X,Y). Then we seck a neighborhood W of z such
that f(W) C S(C,U); this will suffice to show that f is continuous.

To that end, see that since f(z0) € S(C,U), we have f,,(C) C U; ie.,
f(C x {z}) C U. Then as f is continuous, f~1(U) is open, so C x {z} C
7Y U)N(C'x Z) C Cx Z. Then, by the Tube Lemma there exists a
neighborhood W C Z of zg such that Cx W C f=1(U). We claim this W works.
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Indeed, if z € W, consider f,. For all € C, we have f,(z) = f(z,2z) C U, as
(x,2) € C x W C f~YU). Thus f(W) C S(C,U), and f is continuous. O

We turn to an application of induced maps: homotopy. We discuss homotopy

more in and throughout algebraic topology, but we give a brief
introduction here.

Definition 1.46.12. We say that f,g: X — Y are homotopic, and we write
f =~ g, if there exists H : X x [0,1] — Y such that H(z,0) = f(z) and
H(z,1) = g(z) for all x € X. We call H a homotopy between f and g.

We see that H induces a continuous map H : [0,1] — C(X,Y) that con-
tinuously maps a time ¢ € [0,1] to a continuous function from X to Y; i.e.,
(H(t))(z) = Hy(z) = H(z,t). A homotopy is thus a continuous, one-parameter
family of functions. Below is a picture of a homotopy (actually a path homotopy;

see Definition [1.51.5|).

1.A  Section A: Notes on Optimal Lipschitz Maps

Definitions: Lipschitz constant
Main Idea: We can use topology to talk about Lipschitz constants. This is
actually unsurprising, since Ascoli’s theorem is natural in a real analysis setting.

This section deals with an application of Ascoli’s Theorem [1.45.8

Definition 1.A.1. Suppose (X,dx) and (Y,dy) are compact metric spaces.
Given a continuous function f € C(X,Y), we define the Lipschitz constant
of f to be

L(f) = sup {dY(d]if:(C;’ J;/(f,)) |z #£2' € X} < 0.

In other words, dy (f(z), f(z')) < L(f)dx (x,z").

Furthermore, given a closed subset G C C(X,Y), we can consider L(G) =

inf{L(f) | f € G}.
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Example 1.A.2. Let X and Y be two spaces which are the same topologically,
but differ in metric. Let G = {h : X — Y | his a homeomorphism.}. We
naturally ask: is there a map f € G such that L(f) = L(G); i.e., is the infimum
attained? Such a map f is called the optimal map.

To answer this question, consider the family 7 = {f € G | L(f) < L(G)+1}.
Since X and Y are compact metric spaces, we can use Ascoli’s Theorem
to see that if F is equicontinuous and pointwise bounded, then F is
compact. So we show F is equicontinuous and pointwise bounded.

For equicontinuous, let x € X and let ¢ > 0. Then if x € By, (xo, ﬁ),
then for all f € F, we have dy(f(z), f(zo)) < L(f)dx(z,z0) < (L(G) +

1) (ﬁ) = ¢. Thus F is equicontinuous.

For pointwise bounded, since Y is compact, diam(Y) = Dy < oo. Then if
Fx ={f(x) | f € F}, then diam(Fx) < Dy, as Fx C Y. Thus F is pointwise
bounded.

Therefore Ascoli’s Theorem gives that F is compact. Now, let
fn € F such that L(f,) < L(G) + +. Then (f,) — f uniformly in 7 C G. It
just remains to be seen that L(f) = L(G), but this is simple, involving e.g. the
triangle inequality.

1.B  Section B: The Cantor Set

Definitions: Cantor set, perfect, inverse limit system
Main Idea: The Cantor set is the only perfect, totally disconnected, compact
metric space (up to homeomorphism).

There are several different characterizations of the Cantor set. Below, we
give one.

Definition 1.B.1. The Cantor set is built inductively; let Cy = [0,1]. Then
C = CO\(%, ), removing the middle third. Then Cy = C7\ ((9, 9) (z, %)) =
Loy u (% + %Cl), removing the middle thirds”. Continuing, we have

. 143k 243k 1 2 1
Ch _cnl\U( = >_30n1u<3+3cn1>.

oo
Then we define the Cantor set by C' = ﬂ Ch.-
n=0

WIN »

Lemma 1.B.2. The Cantor set is nonempty, closed, and compact.

Proof. To see that the Cantor set is nonempty, note that the endpoints of every
interval are contained in each C,; e.g., 0 and % are never removed. Thus C # ().

To see that the Cantor set is closed, note that it is the intersection of closed
sets.

7 Addition and multiplication on C; is just defined by the operation applied to every ¢; € C;.
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To see that the Cantor set is compact, note that C' C [0, 1], and C is closed
and [0, 1] is compact. O

Definition 1.B.3. We say that a set P is perfect if P is closed and every
point is a limit point; i.e. P = P’.

Lemma 1.B.4. The Cantor set C is totally disconnected and perfect.

Recall Definition totally disconnected means that the only con-
nected components are singletons.

Proof. To see that C' is totally disconnected, note that any connected subset
of C is a connected subset of [0, 1], hence an interval. However, any nontrivial
interval contains a subinterval of the form (1'3"3k, Q?jk) for some k and large
enough n. But such an interval is removed during the construction of C, so
we conclude there are no nontrivial connected subsets of C, and hence the only
connected subsets are singletons.

To see that C is perfect, fix x € C. We show that z is a limit point, which
suffices. For all n € N, let I,, be the interval in C), containing x. Then choose
x, € I, by letting z,, be an endpoint of I, distinct from . Then d(z, z,,) < %,
so x € C’'. Thus C is perfect. O

Definition 1.B.5. Given spaces Xg, X1, Xo,... and maps f, : X, = X,,_1, we
have

fa f3 f2 f1

X3 Xy X1 Xo.

Then we call {X,, f,} a inverse limit system. We also define the inverse
limit space

n>0

which consists of (z,,) such that f,(x,) = zp_1.

Example 1.B.6. At its most explicit,

XOO = {(...71’4,1'3,172,.%1,330) | o = fl(x1)7xl = fZ(zQ); ey Tp—1 = fn(xn)y }

QHXn~

n>0

Example 1.B.7. Let X,, = Z/an = {0,1,...,2"71}. Give X,, the discrete
topology. Let f, : Z/an — Z/2n—lz be fn(z) =2 mod 2"~ 1. Then X, is
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f3 f2
6 f3 9 f1
0

1 f3 1 f1

f3 ; \
5 1

/

3 e 3

f3
7

Xy =2y P X =2, T X =2, T X =2,

Then we see that a point in X, is a path in the rooted binary tree; e.g.,
(...5,1,1,0) € X. We see that X, is actually the 2-adics.

Lemma 1.B.8. The following three spaces are homeomorphic.

1. Zy~ =lim Z/2"Z’ the 2-adics,
+—

2. H{O, 1} where {0,1} has the discrete topology, and
N

3. the Cantor set C.

Proof. Call [T[{0,1} = X. Then we build a homeomorphism f : C' — X. Write
C, = L,UR,,, where L,, is the left thirds of the remaining intervals and R, is the
right thirds of the the remaining intervals. In other words, If C; = [0, %] U [%, 1]
and Gy = [0, 5] U [3,5] U [§, 5] U [5,1], then Ly = [0,5] U [§, §] and Ry =
551V [5.1]-

Now define a sequence via functions f, : C,, = {0,1} by

0 ifxe Ly,
f"(x){ 1 ifreR,.
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Then let f = (fn), f: C — X. We claim that f is a homeomorphism. To see
this, first note that f is a bijection; any point in the Cantor set is an infinite
choice of lefts and rights, and any point in X is an infinite choice of Os and 1s.
Next, we see that f is continuous. Let U = [[U; C X, a basis member for the
product topology on X. Then for all (finitely many) ¢ such that U; # {0, 1}, let

5 _ [ R ifU={1},
=L iU = {0}

Then f~H(U) =Cn <n Zn>. So f is continuous.
i=1

As f is a continuous bijection between compact Hausdorfl spaces, by The-
orem f is a homeomorphism.

Now let’s build another homeomorphism g : X — Zs~. Let g((z,)) = (my,)
where mg = 0 and

m — M1 if z,, = 0;i.e., the top branch of the 2-adics,
" My +2771 if 2, = 1;i.e., the bottom branch of the 2-adics.

Then as before, g is bijective, since a choice of 0 or 1 in X is exactly a choice of
top or bottom in Zs~, and it can be seen that g is continuous. By Theorem

1.26.11} we again have a homeomorphism. O

In other words, we remarked before we defined the Cantor set that there are
other characterizations. Here are two. Our goal for this section is to completely
describe the Cantor set in terms of its properties, namely a metric space that is
perfect, totally disconnected, and compact. We first develop some lemmas:

Lemma 1.B.9. Let X be a metric space that is totally disconnected and com-
pact. Then for all a,b € X such that a # b, there exist nonempty disjoint open
sets A and B in X such thata € A, b€ B, and X = AUB. We say a and b
are separated in X.

Note that this is stronger than disconnectedness, since we can separate any
two points. Just based on the terminology, we should expect this to be true.

Proof. Suppose not. Then let {H,} be the collection of closed subsets of X in
which a and b are not separated. See that {H,} # 0, since a and b are not
separated in X.

Then {H,} is partially ordered by inclusion, so by the Minimal Principle,
there exists a minimal simply ordered chain {K,} C {H,}. Now consider
K = ﬂKa, which is closed as each K, is. We claim that K € {H,}; i.e., we

claim a and b are not separated in K.

To prove this claim, suppose not. Then let A and B be the nonempty
disjoint open subsets such that a € A, b € B, and K = AU B. Then
A and B are closed in K, since K \ A = B and vice versa. Since
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K is closed, A and B are closed in X as well. Since X is a metric
space, X is normal, so we can separate closed sets. To that end, fix
disjoint open sets U,V C X such that A C U and B C V. Then
Ko # (KaNU)U(K,NV), as a and b cannot be separated in K.
Thus, let L, = Ko N (X \ (UUV)) # 0. We see that {L,} has the
finite intersection property, as the Lgs are simply ordered. So since
X is compact, (Lo # #. But this implies K N (X \ (U UV)) # 0,
contradicting the fact that K C U U V. Therefore, a and b are not
separated in K.

Then, since X is totally disconnected, K is not connected, so K = Cy U Cy
where C; and Cs are nonempty disjoint open subsets. As we cannot separate a
and b in K, without loss of generality we let a,b € Cj.

However, C1 € {H,}, since if C; = AU B with a € A and b € B, then
K = AU (BUCy) where a € A and b € BU (s, so a and b are separated.
But this is a contradiction, because we supposed K was minimal with respect
to separating a and b. This contradiction implies that all a and b are separated
in X. U

Lemma 1.B.10. Let X be a metric space that is totally disconnected and com-
pact. Then for alla € X and U C X a neighborhood of a, there exists a clopen
set V C X such thataecV CU.

Proof. Consider X \ U, which is compact, as X is. For all b € X \ U, there
exists A, and B, in X such that Ay and Bj are disjoint and clopen, a € A,
and b € By, and X = A, U B, by Lemma Since X \ U is compact,
X\U C By, U...UBy, , which is a finite subcover of the cover {B; | b€ X \ U},

n

n?

since X is compact. Then let V = ﬂ Ap,. We claim this works. See that V' is
i=1

clopen, since it is a finite intersection of clopen sets. See also that a € V', since

a € Ayp, for all i. And see that V C U, since X \ U is covered by By,s and Ap,s

are disjoint. O

Lemma 1.B.11. Let X be a metric space that is perfect, totally disconnected,
and compact®. Then for allU C X open and nonempty and for alln € N, there
exist disjoint nonempty open sets Uy, ..U, such that U =U; U...UU,.

Proof. We proceed via induction. For the base case where n = 1, the proof is
super obvious; let U; = U.

For the inductive step, suppose U = U; U ... U U,,, and each U; is open and
nonempty and disjoint from all others, i.e., U; NU; = 0 if i # j. Now, as X is
perfect, singleton sets are not open. Since X is totally disconnected, U, is not

8] cannot figure out if compactness is necessary or not. It isn’t explicitly used, but perhaps
that U can be finitely decomposed requires it. My gut, however, says that it is not necessary,
but I leave it in the hypotheses just in case. This section is isolated from all others, so we
won’t need to refer to this lemma again except in the proof of the characterization of the
Cantor set, which we know is compact, so the extra hypothesis does no harm.
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connected. Therefore U, = V U W for nonempty disjoint open subsets V' and
W, and hence U = U U ...UU,_1 UV UW, as claimed. O

Lemma 1.B.12. Let {X,, f,} be an inverse limit system where each X, is

a compact Hausdorff space. Then Xoo = lim{X,, fn} is a compact Hausdorff
<

space.

Proof. Since each X,, is Hausdorff, [ X, is Hausdorff, and since X, C [[ X,,
X is Hausdorff. This is just Theorem Compactness remains.

By Tychonoff’s Theorem [1 X, is compact. It thus suffices to
show that X is closed, so we show its complement is open. Let 2 € [] X, \ Xo.
Then there exist p,q € N such that p > ¢ and fpe(zp) # 4. Let U,V C X,
be disjoint and open neighborhoods such that fp,(z,) € U and z, € V. Then
choose U’ C X, to be an open neighborhood of z,, such that f,,(U’) C U. Now
let

U’ if n=p,
Y,=¢ V if n=gq,
X, otherwise.

Finally, let W =[]Y, C [[ X». Then W is open in the product topology and
is a neighborhood of = € [][ X,, \ Xoo. Thus X is closed, and hence compact,
as desired. 0O

We are now ready to characterize the Cantor set. The proof is involved, so
we first explain the structure of the proof in steps, and then prove each step.

Theorem 1.B.13. Any two perfect, totally disconnected, compact metric spaces
are homeomorphic. As we know C is a perfect, totally disconnected, compact
metric space, any such space is the Cantor set.

Proof. Let X be such a space. We will prove the theorem in four steps.

Step One: We show that for all n € N, there exists a finite covering O,, of
X by disjoint clopen subsets such that diam(0,) < + and O, 41 is a refinement
of O,; i.e., for all sets U € O,,11, there exists V € O,, such that U C V.

Step Two: We build an inverse limit system {X,,, f,}.

Step Three: We show that X is homeomorphic to liin{Xn, fn}-

Step Four: We show that if X and Y are perfect, totally disconnected, com-
pact metric spaces, then im{X,, f,} is homeomorphic to lim{Y},, g, }.
— —

Step One: We construct the O,, inductively. We start with O;. For all
x € X, there exists clopen sets V,, such that z € V, C By (x, %), by Lemma
1.B.10, Then let Vi,...,V,, be a finite subcover of {V,}. Then let U; = V4,
j—1
Uy =Vo\ V1, Us = V3 \ (V1 UVz), and so on, so that U; =V} \ U V;. Then set
i=1
O, = {U;}.
We can continue in this manner. For all z € X, there exists clopen V, such
that x € V, C By (ac, %) N U; for ¢ uniquely depending on x- uniquely, since all

73



U, are disjoint. Then we can take a finite subcover of {V,} and do the same
trick, creating {U,} which become Os.

For O,,, see that for all x € X, there exists clopen V, such that z € V, C
By (x, 2%) NU; for U; € O,_1. By construction, we have exactly what we
needed; O, is a finite covering of X by disjoint clopen sets with diam(0,,) < %,
and by construction O, ;1 is a refinement of O,,.

Step Two: We build our inverse limit system. For each n € N, let X, be
the space whose points are the subsets in O,,. Give X,, the discrete topology.
Then define f, : X,, - X,,—1 by fo(U) = V where V € O,_; is such that
U C V. The function f is well-defined, since sets in O,,_; are disjoint, and a
subsequent O, is a refinement of O,,_;. With {X,,, f,} constructed, now con-
ﬂ@er:dgﬂXmﬁﬁggIIX%

neN

Step Three: We claim that X is homeomorphic to X,,. To see this, let

U, € O; and let U; CU;_. Let & = (..., Us, Uz, Uy) € Xo. We define a function

h:Xoo = X by hz) = Us.
i=1
This function & is well-defined, as {U;}52, have the finite intersection prop-

oo
erty, so ﬂ U; # 0, and as diam(U;) < %, the intersection contains at most
i=1
one poimlt7 so it contains exactly one point. We now need to see that h is a
homeomorphism. We show that it is injective, surjective, and continuous.

For injective, let z,y € X, such that x # y. Then some coordinate of =z,
call it U, is disjoint from coordinate V of y. Since h(x) € U and h(y) € V,
h(z) # h(y). So h is injective.

For surjective, let x € X. Then for all n, since O,, is a cover of X, there

oo
exists some U,, € O,, such that x € U,,. Then z = m U, = h((...,Us,Us,Uy)).
n=1
So h is surjective.
For continuous, note that U O,, is a basis for the topology on X. Then
neN
given U € O,,, h~(U) consists of sequences with U as the nth coordinate. Since
{U} C X,, is open, h™1(U) C X is open. So h is continuous.
Since X is compact Hausdorff, X, is for all n, and by Lemma Xoo
is compact Hausdorff. By Theorem [1.26.11] since h is a continuous bijection
between compact Hausdorff spaces, h is a homeomorphism, as desired.

Step Four: We show any two totally disconnected, perfect, compact metric
spaces are homeomorphic. Let X and Y be two such spaces, and let (O,)
and (P,) be sequences of finite clopen disjoint covers where every element has
diameter less than % In other words, write O = {U11,U12,...,U1 %} and
Pr={Vi1,V12,., Vi}

We inductively alter these sequences to make them comparable. If k = [,
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then set O’ = O, and P;’ = P;. If, however, without loss of generality we have
k > [, we use Lemma to decompose V;; into k — [ 4 1 disjoint open
sets VLll, Vl,g/, ceny Vvl,k—l-&-l . Then let 731/ = {‘/171/, veny VLk—l-‘rl/’ ‘/172, ceey Vl,l}y
and let O = O1. Then |0;'| = |P'].

We'd like to keep going in this manner, but note that by decomposing V7 1,
we’ve messed up the refinement property. However, we claim that there exists
me € N such that no set of diameter less than %@ intersects two sets in O;’.

To see this claim, suppose not; then there exist (z,,) C Uy and (ynm,) C
Us such that (d(Zm,Ym))m — 0. Then, by compactness, we have
(rm) — z and (y,,) — @ where x € U; N Uy = Uy N Us, since Uj is
already closed. But note that if i # j, then U; is disjoint from Uj, so
U, NUy = (. This contradiction implies the claim.

Similarly, there exists mp € N such that no set of diameter less than m—lp

intersects two sets in P;’. There, we can set m = max{meo, mp}. Therefore, O,,
refines Oy’ and P,, refines P;’. All that we need to show, then, is an inductive-
esque argument that we can decompose an O, and P, to be comparable, and
then see that a refinement exists for some later coverings. Then we’ll have two
new sequences (0,,') and (P,’) that retain the properties of (0,,) and (P,,) and
are comparable for all n.

So fix i € N. Consider Uy ; € O;" and Vi ; € Pi’. Let r; = {U € O,,,midU C
Ui} and let s; = {V € P, | V C Vi;}. Then let a = max{|r;|,|si|}. Then
assume without loss of generality that |r;| > |s;|. Then, as before, decompose
some set in s; into a — |s; + 1 subsets. Do this for each 4, and call the resulting
covers Oy’ and Py’. Notice that we have |05'| = |Py’|.

Continue in this manner. Then (0,) and (P,) have the same combina-
torics. Therefore, we have bijections ¢, : X, — Y;,” such that the following
diagram commutes:

Xn/ fn Xn—l/
J{‘pn J{S‘Jn—l
Yn/ 9n Yn_l/

This implies there exists an induced continuous function ¢ : X, — Y, such
that ¢((z,,)) = (¢n(zy)). From this we can conclude that lim{X,, f,} is home-
—

omorphic to lim{Y,,, g, }, and we are finally done. O
—

1.51 Section 51: Homotopy of Paths

Definitions: simply connected, nulhomotopic, path product

Main Idea: We develop path homotopy as an equivalence relation on paths.
We define an operation on equivalence classes of paths which is associative, has
identity, and has inverses. Where could we possibly be going?...
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The motivating question from here on out is to develop topological invariants
which describe when two spaces are (not) homeomorphic. We begin with an
example:

Example 1.51.1. Is R" homeomorphic to R™ \ {0}?

For n = 0, obviously not, since a point is not homeomorphic to the empty
space.

For n = 1, the answer is again no, because R is path connected, but R\ {0}
is not.

For n = 2, the answer is currently not so obvious. Pretty much every
property we’ve described so far that holds for R? also holds for R? \ {0}; con-
nectedness, path connectedness, etc. However, we’ll build something that does
differentiate R? from R?\ {0}.

We remark now that there is another way to describe path connectedness: a
space X is path connected if every continuous map f: S® — X = f: {-1,1} —
X extends toamap F: D' - X =F:[-1,1] = X.

Definition 1.51.2. We say that a space X is simply connected if it is path
connected and every continuous map f : S — X extends to a map F : D? —
X0

We remark that being simply connected is a topological invariant, because
we can just compose with homeomorphisms. We will see that R? is simply
connected, while R? \ {0} is not.

Example 1.51.3. While we haven’t yet built up the machinery, we’ll see that
R?\ {z1} is not simply connected. What about R?\ {1, z5}? It too will not
be simply connected, but we would like that it be different from R*\ {21}. So
already this new invariant has reached a roadblock. However, we’ll introduce
the fundamental group (Definition to remedy this.

So we’ve given a brief overview of where we intend to go. Now let’s build up
the theory. First recall Definition homotopic maps; f: X =Y ~g¢:
X — Y if there exists a continuous homotopy H : X x [0,1] — Y such that at
time 0, H(x,0) = f(z), and at time 1, H(z,1) = g(z).

Definition 1.51.4. If f is homotopic to a constant function, we say that f is
nulhomotopic.

There is a special type of homotopicity we have already alluded to:

Definition 1.51.5. Let f,g : I — X be a path with initial point 29 = f(0)
and ending at a terminal point 1 = f(1). We say that f and g are path
homotopic, homotopic as paths, homotopic relative to endpoints, or

9Note that we could continue to generalize, and we will, when we discuss higher homotopy
groups!
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homotopic rel endpoints if there exists a continuous homotopy H : IZ2 = X
such that for all s € [0,1], H(s,0) = f(s) and H(s,1) = g(s), and for all
t € [0,1], H(0,t) = x9 and H(1,t) = x;. In other words, the endpoints are
fixed for all functions in the homotopy, and we homotope from f to g. We write
f ~p g, but often just write f ~ g when it is clear we mean path homotopic,
which we usually do.

The picture given before was of a path homotopy; we give it again here.

H0.t2)

o f=¢

=

Lemma 1.51.6. The relations ~ and ~, are equivalence relations.

Proof. We show it for ~; the other is nearly identical.

Reflexive is clear; to see f ~ f, take the homotopy which keeps f constant
for all time.

Symmetric is also clear; if f ~ g via a homotopy H(z,t), then H(x,1 — t)
shows g ~ f.

Transitive is also also clear; if f ~ g via H(z,t) and g ~ h via H'(x,t), then
the homotopy

H(x,2t) if

H(z,1) :{ H(z,2t—1) if

shows f ~ h. O

Thus we typically only work with equivalence classes of paths, [f]. We can
define a product on equivalence classes:

Definition 1.51.7. If f,g: I — X where f(1) = z; = g(0), then we can define
the product f-g=h:1 — X by

Note that h is continuous, by the Pasting Lemma [1.18.9

Lemma 1.51.8. This induces a well-defined operation on path-homotopy classes:

[f]-1lgl=1f gl
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Proof. Let fo ~ f; via F and gy ~ g1 via G. Then we get a homotopy H :
I x I — X, defined by

F(22,1) if
Hz, 1) = { G2 —1,1) if

Note that this is another way to compose homotopies (versus Lemma [1.51.6)).
Here, F' and G are glued horizontally. Above, they were glued one atop the
other vertically.

Atz = %7 F(1,t) = 1 and G(0,t) = 21, so by the Pasting Lemma (1.18.9}
H is continuous. U

Theorem 1.51.9. The product [f] - [g] has the following properties:

1.
2.

It is associative; i.e., ([f] - [g]) - [h]simeq[f] - ([g] - [R])-

Identities exist (up to endpoint). Given x € X, define e, : I — X by
ex(s) = x. Then [f] - [ex,] = [f] = [ex,] - [f]-

Inverses exist. Given f : I — X, define f:I— X by f(s) = f(1—5).

Then [f] - [) = leao] and (] - [f] = [ea,]-

Proof. The key tool is to reparametrize the homotopy, as we have done in the
previous proofs. Let ¢ : I — I with ¢(0) =0 and (1) = 1. Then fo ~ f, via
F(s,t) = f((1 —t)p(s) +ts). So see that:

1.

(71 - [gD) - [R] = [f] - ([g] - [h]), since we can reparametrize the speed: a
homotopy that does [f] - [g] on time ¢ € [0, 1] and [h] on time ¢ € [§,1] is
the same as a homotopy that does [f] on time ¢ € [0, 1] and does [g] - [A]
on time t € [%, 1].

. A homotopy that does [f] on time ¢t € [0,1] is the same as a homotopy

that does [f] on time ¢ € [0, 3] and does [e,,] on time ¢ € [5,1], and is

the same as a homotopy that does [e,,] on time ¢ € [0, 1] and does [f] on
time ¢ € [5,1].
Let¢: 1 — I be
i(s) = 2s ifo<t<g,
Tl 1-2s if3<t<l

Then i ~ ey via H(s,t) = ti(s). Then see that [f] - [f] = fi >~ feq = €x,-
O

1.52 Section 52: The Fundamental Group

Definitions: fundamental group, induced map
Main Idea: The fundamental group is a powerful topological invariant.
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Definition 1.52.1. The fundamental group of X based at zy € X is
m(X,z0) ={[f]| f:I— X, f(0) =xz9 = f(1)} with operation -, the product
on path classes.

By Lemma [1.51.8and Theorem [1.51.9] this is well-defined.

Example 1.52.2. 7 (R",0) is the trivial group, which we write as {1}, {0},
or 0, depending on how the wind blows.

To see this, given any path f: I — R"™ with f(0) =0 = f(1), consider the
homotopy F'(s,t) = (1 —t)f(s). This is a straight-line homotopy down to the
based point 0; we see that F(s,0) = f(s) and F(s,1) = eg(s) = 0. Thus any
f =~ eg, hence [f] = 1. In fact, this same argument holds for any convex region
of R".

We remark that since f(0) = zg = f(1), f factors through S*:

(I, 81) (X,Jfo)

~

(Sl,SO)

In other words, 71 (X, z¢) can be thought of as the group of equivalence classes
of loops based at sp € X.

A natural question to ask is: what is the dependence on zo? To answer
this question, consider o : I — X from zg to x;. Then the map « induces a
map & defined by &([f]) = [@][f][e]. This is well-defined since concatenation is
well-defined when it’s defined. Essentially, & starts at x1, goes to x( using @,
preforms the loop f, then returns to x; via «. In other words, & has turned a
loop based at xg, [f], into a loop based at x1, &([f]).

Theorem 1.52.3. & : m1 (X, zg) = 71 (X, x1) is an isomorphism between groups.

Proof. We show & is a bijective homomorphism. To see homomorphism, let
[f1:l9] € m(X,z0). Then a([fI)a(lg]) = [allfllal[@lglla] = [al[f]lglle] =
A&([f]lg])- To see bijection, we show the inverse map. It is 5 induced by § = @,
hence 8 = a. O

Corollary 1.52.4. If X is path connected, then 71 (X, x) = m (X, x1) for all
xg,x1 € X. If not, then the fundamental group at xy is isomorphic to the the
fundamental group at x1 where x1 is in the same path component as xg.

As a result, if X is path connected, we can (and often will) be lazy about
specifying base point. We often omit it entirely, once we become more comfort-
able with fundamental groups in later sections.

We caution here that there is no canonical isomorphism between fundamental
groups. Suppose both «,8 : I — X are paths from zy to ;. Then [@f] €
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m1(X,21). So

So & = Cagﬁ, where Czs is conjugation by [@f]. Note that this shows that if
the fundamental group is abelian, then conjugation is trivial, so & = 8, and we
do have a canonical isomorphism.

We can restate Definition of a space X being simply connected. We
now say that X is simply connected if it is path connected and m (X, z) = {1}
for any 29 € X (since X is path connected).

Lemma 1.52.5. If X is simply connected and o, : I — X have the same
endpoints xo and x1, then o ~ (.

Proof. Since @f is a loop based at z1, @f ~ e,,, i.e., @f is nulhomotopic as X
is simply connected. Thus a ~ ae,, ~ aaf ~ e, ~ 3, as desired. O

Definition 1.52.6. If h: (X,29) = (Y, y0) is a continuous function, we define
an induced map h, : (X, z0) = 71 (Y, 50) by h([f]) = [hf]. In other words,
we have

(1,01) —1 (X, 20) —L (¥, 50).
\h_f/

This is well-defined, since if f ~ g via a homotopy F', then hf ~ hg via hF.
Also, note that h is a homomorphism, as (hf)(hf) = h(fg).
Note the following properties of induced maps:

L. (idx )« = idy, (X 20)-
2. (kh), = k.h, whenever (X,z0) - (Y, y0) % (Z, 20).

In category theory terms, this shows that 7 is a covariant functor from the
category of pointed topological spaces to the category of groups.'?

Corollary 1.52.7. If h: (X, z0) = (Y,y0) is a homeomorphism, then h, is an
isomorphism.

So homeomorphic topological spaces have the same fundamental group. This
is nice to know, because otherwise the fundamental group is essentially useless
for our stated goals in specific, and algebraic topology in general.

10T don’t have the category theory knowledge to know what this means explicitly, but essen-
tially it just means continuous in topology with based point is equivalent to homomorphism
in group.
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Proof. Let k: (Y,yo) = (X, o) be the inverse to h; i.e., kh = idx and hk = idy.
By the above two properties, kih. = idr, (x,2,) and hiks = idr (v,y,)- Thus h.
and k, are inverse homomorphisms, hence isomorphisms. In other words, h, is
an isomorphism with inverse k.. O

Warning: the converse is definitely not true! R and R? have isomorphic
fundamental groups, both 0, but they are certainly not homeomorphic.

1.53 Section 53: Covering Spaces

Definitions: covering map
Main Idea: We define covering spaces and see several examples. In coming
sections we will see why we care.

Definition 1.53.1. A continuous function p : X > Xisa covering map if
for all x € X there is a neighborhood of z U C X such that p~1(U) is a disjoint
union of sets [[ V,, where p|va : Voo = U is a homeomorphism. In other words,
p~1(U) is homeomorphic to U x S where S is discrete.

The picture is that of a stack of records or pancakes.

()

Note that X and p together describe the covering space. In fact, ()Z', X,p,S)isa
fiber bundle (Definition [2.14.24)) with discrete fiber. See Example [2.14.26

Example 1.53.2. Trivially, let X =X x {1,2,...,n} and let p : X — X be
p(z,1) = . In other words, X is the disjoint union of n copies of X.

Example 1.53.3. Less trivially, the map p : R — S! defined by p(z) =

(cos(27x),sin(27x)) = > is a covering map. To see this, see that if U C S!
1 1

. T T —1 _ —

isU={(1,0)| -5 <0< 7%}, thenp ~(U) = LGJZ (n— Z,n—l— 4) = LEJZVn for

disjoint V,,. Then p\vn : (n — i,n + i) — U is a homeomorphism. Repeat for

any rotations of U.
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0~

Example 1.53.4. Not only are there other coverings of S, there are other
connected coverings of S'. Consider p : S' — S, where p(z) = 2™ with n # 0.
Below is pictured one.

)=t

Theorem 1.53.5. If p : )E/—) X is a covering map, Xg C X, and E(VO =
p~1(Xo)), then py = plx, : Xo = Xo is a covering map.

Proof. Let 9 € Xo and let U C X be a neighborhood of g such that p~1(U) =
[ Vi where V,, is homeomorphic to U. Then po~1(U N Xg) = [[ Va N Xo, and
each V, N X is homeomorphic to U N Xj. O

Theorem 1.53.6. If p; : X — X and po Y =Y are covering maps, then so
is(p1 Xp2) : X XY - X xY.

Proof. 1f py =" (U) = [ [ Va and py =" (U’) = [[ Vis', then (p1 x p2) (U x U") =
a 8
Ha,,@ Va X V@l. ]

Example 1.53.7. p: R?* — S' x S! where (z,y) — (™%, e2>™¥) € C? is a
covering map.

< >

Example 1.53.8. p: S x St — S x S! where (z,w) — (2%, w?) is a covering
map.
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Example 1.53.9. Let’s see some covers of the figure eight graph. Note that
the figure eight graph is a subspace of the torus; it is the black line and gray
line in Example (it is also SV S1; see Definition . This means
that the covers in Example and Example also cover the figure
eight, by Theorem We can see other covers though:

We can also get a simply connected cover, the Cayley graph on two generators:

++

b
b

TT 3 ?1’
4.4‘ 4’4.

St

1.54 Section 54: The Fundamental Group of the Circle

Definitions: lift, lifting correspondence
Main Idea: We show that it is Z by building the machinery of lifts.

Definition 1.54.1. Let p : X o X be_continuous. A lift of a continuous
function f:Y — X is a continuous map f : Y — X such that f = pf. In other
words, a lift is the map f such that the following diagram commutes:



Theorem 1.54.2 (Path Lifting Property) Given a covering space p : X -
X, a path f I — X, and a point To € p~L(f(0)) = p~(xo), there exists a
unique lift f I — X such that f( ) = xp.

Proof. We explicitly construct such a lift f

Cover X with open sets {U} such that p~!(U) = [[ V.. Subdivide [0, 1] into
0=s0< 51 <..<s,=1suchthat f([s;, s;+1]) is contained in some U. This is
possible by the Lebesgue Covering Lemma Our goal is to construct
f in pieces without choice based on these intervals [s;, $;41]-

Define f( 0) = T, and further suppose that fis defined for 0 < s < s;. Then
F([s5,8i41]) C U for some set U. Let p~Y(U) = ][ Va, and then p(f(s;)) =
f(s;) € U. Hence f(s;) € p~ 1 (U ) so f(s;) € Vs, for some ag. Then extend f

over [si, si11] by f(s) = (p|va0) (/(5)).

Use the homeomorphism of the covering space to extend the path locally;
then, since I is compact and we make progress on defining f at each step, we
see that f: I — X exists.

Now we see that f is unique, and we are done. The idea here is that we had

no choice in constructing f So suppose fis another lift 0f~f such that f(O) =
Ty = £(0). Then suppose f(s) = f(s) for 0 < s < s;. Then F(5:) = f(55) € Vg
As f([s,8i41]) C p’j(U) and [s;, s;11] is closed, then f([s;, $i41]) C Va,. Hence
for all s € [s;, 841), f(5) € p~2(f(5))NVay = {f(s)}. Thus the lift is unique. O

Proposition 1.54.3 (Homotopy Lifting Property). Given a covering space
p: X—>X a homotopy H : Y xI — X, and a lift of fo = H(—,0), fo Y—)X
there exists a unique lift H:YxI—X.

We remark that the Path Lifting Property [1.54.2] is a special case of
the Homotopy Lifting Property where Y is a point. However, if we
were to prove the Homotopy Lifting Property, we use the Path Lifting
Property.

Corollary 1.54.4. Let p : X — X be a covering space. If f,g : I — X are
path homotopic and f,g : I — X are lifts with f(0) = g(0), then f ~ g and in

particular, f(1) = g(1).
Proof. Let F': I x I — X be a path homotopy of f. Lift it to F:IxI — X

where F(0,t) = f(0) = §(0). Let’s confirm that F' is a path homotopy of f and

g.

Since p(F(s,0)) = F(s,0) = f(s), F(—,0) is alift of f starting at f(0). Thus
F(s,0) = f(s s) by the uniqueness of lifting paths. Likewise, F(—,1) =3. And
finally, as p(F(1,1)) = F(1,t) = f(1), we see that F(1,£) € p~*(f(1)), which is
a discrete space. Hence F(1,t) is constant and F(1,t) = f(1) = g(1). O
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Definition 1.54.5. Fix 7 € p 1(x0) We get a map ¢ : 71 (X, z0) = p ~L(zp)
where o([f]) = f(1), where f : I — X is the lift of f with f(0) = Zo. We call
¢ the lifting correspondence. By Corollary [1.54.4] this is well-defined.

Example 1.54.6. If p: R — S, p(z) = €™ is a covering space and f is a
loop based at 1 € S, then f: 1 — S takes OI — 1. Then f : I — R takes
OI — m,n € Z. In fact, f(0) =0, and p(f) = f(1) € Z.

For a general case, the path-lifting property lets us consider a function ¢ :
{loops based at z¢} — p~*(zg). Choose some zo € p~!(xg). Then p(f) = z7.
In diagrams:

f/\
X Zo 21
l”
X ZTo Df

Theorem 1.54.7. If)? s simply connected, then ¢ is a bijection.

Proof. Since X is path connected, for all 77 € p1~ (o), there exists f: I — X
such that f(0) = zg and f(1) = z1. Then [pf] € m (X, o) and ¢([pf]) = =1.

Thus ¢ is surjective. _ _
For injective, see that if ¢([f]) = ¢([g]), then f ~ g as X is simply connected.
Then composing with p gives us f =~ g, so ¢ is injective. Thus ¢ is a bijection.
O

Theorem 1.54.8. m(S!,1) = Z.

Proof. Sincep : R — S with p(z) = €™ R is simply connected, and p~*(1) =
Z, we have a bijection ¢ : 71(S1,1) — Z. Choose 0 € p~1(1).

We show that ¢ is a homomorphism, and thus an isomorphism. Let [f], [g] €
m1(5%,1) and let f,§: I — R start at 0. Then n = f(1) = ¢([f]) and m =
g(1) = ¢([g]). Consider g( ) = n+ g(s), which is also a lift of g, starting at
n. Thus f - g is a lift of f - ¢ starting at 0. Then o([fg]) = f- g( )y=9(1) =
n+g(1) =n+m = o([f]) + ¢([g]). Therefore, ¢ is a homomorphism, hence
isomorphism, and 71 (S',1) = Z.

Note that (1) is a generator for Z, and w; : I — S where wq(z) = > is
a generator for 71(S1,1). O

1.55 Section 55: Retractions and Fixed Points

Definitions: retraction
Main Idea: Retractions are important to know. Brouwer’s Fixed Point Theo-
rem is nice, and we generalize it further later.
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Definition 1.55.1. A retraction is a map r : X — A where A C X such that
r|, = ida. In other words, if + : A — X is the inclusion map, then r. = ida.
The retraction is a left-inverse to ¢.

If a retraction exists, we say that A is a retract of X.

Example 1.55.2. D" = {7 € R" | ||Z|| < 1} is a retract of R". See the
retraction B
Iz > 1
T)=4¢ Il ! =5
r(@) { T if |7 < 1.
r is continuous by the Pasting Lemma [1.18.9] and r|p, = idpn.

‘a\

Example 1.55.3. S"~!is a retract of R" \ {0}. The retraction is r(Z) = B
Lemma 1.55.4. If A is a retract of X, i.e., ro = id 4, then the homomorphisms
induced by inclusion, v, : ™1 (A, ag) = m (X, x0) and ry : m (X, x0) = 71(4, ap),
are injective and surjective, respectively.

5

Proof. We show that ¢, is injective; that r, is surjective is pretty much the
same.

Since rv = ida, we have r.t, = (r1)s = (ida)s = iy, (4,a0)- SiNCE iy, (4,a0)
is injective, ¢4 is too. O

Theorem 1.55.5. S! is not a retract of D?.

Proof. Suppose it is. Then the inclusion induced homomorphism 7 (S, 1) o
71(D?,1) is injective. However, 71 (St,1) & Z, while m;(D?,1) = 0. There does
not exist an injective homomorphism from Z to 0. 0

Theorem 1.55.6 (Brouwer’s Fixed Point Theorem). If f : D* — D? is
continuous, then there exists a fized point of f; i.e., there exists T € D? such
that f(T) =T.

Proof. Suppose not. Then the ray from f(Z) to Z intersects S' in some point
R(Z). We need to show that R is continuous.

To see this, note that the ray is parametrized by I(Z,t) = Tt + (1 — t) f(T).
Then consider T = (x1,22) and f = (f1, f2). Then [ hits the circle S' when
(tz1 + (1 —t) f1(T))? + (twa + (1 — t) fo(T))? = 1. This is a quadratic expression
in terms of t. So let Q(T) be the positive root of the polynomial. Then Q :
D? — R varies continuously by varying coefficients. Then R(%) = I(Z, Q(T)) is
a retraction R : D? — S'. However, this contradicts Theorem Thus
there does exist a fixed point of f. O

We note that this does hold for lower dimensions; the Intermediate Value
Theorem [1.23.11]is just a guarantee that SY is not a retract of D'. We will
see later that this holds for higher dimensions as well; see Theorem [2.8.41

Lemma 1.55.7. Let h: S' — X be continuous. The following are equivalent:

1. h is nulhomotopic; i.e., if ¢ : S* — X is a constant map, then h ~ c,
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2. h extends to a map g : D?> — X; i.e., h = gt where v : S' — D? is the
mclusion map, and

3. hy s the trivial homomorphism.

Proof. To see that 1. implies 2., we let H : S' x I — X be a homotopy between
h and a constant map c¢. Then h factors through a quotient map kn collapsing
S x {1} to 0 € D? and then homotoping. See the following picture.

s'x 1 n:\\ _r X

To see 2. implies 3., note that if h = gi, then hy = g.t«. Since m1(D?,1) =0,
we have that g, : m1(D?,1) — m1(X, g(1)) is trivial, so therefore h, is trivial as
well.

Finally, for 3. implies 1. Let w;(x) = €2™* the generator for (S, 1).
Then hw; : I — X is nulhomotopic as paths, since [hw1] = hi|wi] = 1.

Let H : I x I — X be the nulhomotopy. Since H(0,t) = H(1,t) for all ¢,
the homotopy factors through the quotient

IxI A X

\Qticnt %

Doy~ =51

This is a nulhomotopy between h and the constant map, so h is nulhomotopic.
O

1.56 Section 56: The Fundamental Theorem of Algebra

Definitions:
Main Idea: An important theorem, and interestingly, more topological than
algebraic.But there’s a million proofs anyways.

Theorem 1.56.1 (The Fundamental Theorem of Algebra). A polynomial
equation p(x) = 2" + ap 12" ' + ... +a1x + a9 = 0, where n > 1 and a; € C
has a solution in C.
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Proof. We break the proof into four steps.

In the first step, consider the map f : S — St defined by f(z) = 2", n € Z.
Then f insudes a homomorphism f, : m1(S',1) — 71(S, 1), ie., f:Z — Z.
We claim that f, is multiplication by n. In lieu of an explicit proof, just see that
f wraps the circle clockwise around itself n times, and f, is uniquely defined by
taking 1 — n, the generator of each fundamental group.

In the second step, we see that the map g : S* — C\ {0} by g(z) = 2™ is not
nulhomotopic as long as n # 0. To do this, let 7 : C\ {0} be a retraction. Then
f =rg, so fi = r.g.. By step one, f, is not trivial, so by Lemma G
is not trivial. Thus g is not nulhomotopic.

In the third step, we prove the Fundamental Theorem of Algebra in a specific
case. Assume that |a,—1|+]|an—2|+...+]a1|+|ao] < 1. We produce a solution in
D? C C. Suppose no solution exists in D?. Then p defines a continuous function
p:D?* — C\ {0}. Let h = p|g: : S* — C\ {0}. As h is a retraction from the
disk, it extends to the disk, so A is nulhomotopic. Let’s show that h ~ g, which
invokes a contradiction, since ¢ is not nulhomotopic and h is. The homotopy is
H:S'xI— C\{0} given by H(z,t) = 2" +t(an_12" "' +...4+a1z+ag). Then
|H(z,t)| > |27 = |t(an—12""1+...4a12+ao)| > 1—t(|an_1|+...+]|a1]|+]ao]) > 0.
Thus h ~ g, a contradiction.

In the fourth step, we finally prove the general case and the theorem. Let
x = cy for ¢ > 0. Then (cy)"™ + ap_1(cy)" ' + ... + arcy + ap = 0. Equivalently,
y" + a"—c‘ly”_l + ...+ Ztry + % = 0. Then for large enough ¢, this has a
solution yo € D2, by step three. Thus for o = cyo, o is a solution to the
original polynomial. O

1.57 Section 57: The Borsuk-Ulam Theorem

Definitions:
Main Idea: If f maps each point of earth to two continuous values, then there
are antipodal points with both values equal.

Theorem 1.57.1 (The Borsuk-Ulam Theorem). If f : S — R?, then there
exists T € S? such that f(T) = f(—7). Equivalently, there must exist antipodal
points with the same value.

Two antipodal points on earth have the same temperature and pressure.

Proof. Suppose not. Then ¢(T) = % defines a continuous function

g: 5% — S'. Notice that g is an odd map; i.e., g(—%) = —g(T). Now consider
p: I — S? given by p(s) = (cos(27s),sin(27s)). This path is nulhomotopic, as
it is a retraction to the equator, and can be extended ot the upper hemisphere,
a disk. Now let h = gp : I — S'. Notice that h is nulhomotopic as p is. Then
we have that for 0 <s < 1, h(s+3) = g(—p(s)) = —g(p(s)) = —h(s).

Then lift & to h : I — R where h(0) = 0. Then since h is nulhomoptic,
h(1) = 0. However, h (s+3) = h(s) + % for some odd integer m. Since h
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depends continuously on s and m takes discrete values, m must be constant.
Therefore, h(1) = h(3) + 2 = h(0) + 22 = m # 0, not an odd integer'’.
Thus by contradiction, Borsuk-Ulam is proven. O

Corollary 1.57.2. Given two bounded polygonal regions in R?, there exists a
single line that bisects both into equal area regions.

Note that the Intermediate Value Theorem [1.23.11] lets us construct
such a line for a single polygonal region. This corollary lets us do it for two
simultaneously.

Proof. Embed R? into R? x {1} C R®. Given a unit vector T € S?, let fi(%)
denote the area of the region A; on the T-side of the normal plane.

Also note that f;(Z) + f;(—T) is the area of A;.

Now let F = (fi, f2) : S> — R?. By Borsuk-Ulam there exists
7 € S? such that F(Z) = F(—z). This implies that f;(Z) = f;(~%), so hence
fi(Z) is half the area of A;, as desired. O

1.58 Section 58: Deformation Retracts and Homotopy
Type

Definitions: homotopy equivalence, deformation retraction, contractible
Main Idea: Deformation retractions are important, especially with regards to
torsion (summer class).

Definition 1.58.1. A map f: X — Y is a homotopy equivalence if there
exists g : Y — X such that fg ~ idy and gf ~ idx. In other words, f and ¢
are homeomorphic up to homotopy. We call g the homotopy inverse of f. If a
homotopy equivalence exists, we say that X and Y are homotopy equivalent, or
have the same homotopy type, and we write X ~ Y.

Lemma 1.58.2. Homotopy equivalence between spaces is an equivalence rela-
tion.

Proof. Reflexive: idx ~ idx

Symmetric: by definition, if g is the homotopy inverse of f, then f is the
homotopy inverse of g.

Transitive: it’s just path homotopy transitivity (see Lemma [1.51.6). O

Lemma 1.58.3. Let h,k : X — Y be homotopic via the homotopy H : X x I —
Y, and let yo = h(zo) and y1 = k(xo). If a1 I =Y is the path o(t) = H(xo,t),
then k, = ahy; t.e.,

™ (X, o) e ™1 (Y, 90)

m1(Y,y1)

I Note in fact that [h] = [w1™] € 71(S1, 1).
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commutes.

Proof. We need to show that for a loop f based at o € X, that k.([f]) =
[kf] = [@][hflle] = a(hi([f])). Equivalently, [a][kf] = [hf][e]. So let’s build a
homotopy.

Let FF: I xI — X x I be the map F(s,t) = (f(s),t). Then the bottom
of I x I, By, maps to (f(s),0), which maps to hf. The top of I x I, 81, maps
to (f(s),1), which maps to kf. Then if ~ is the right of I x I mapping to
(f(1),t) and =, is the left of I x I mapping to (f(0),t), then Soyo — hfa and
Y181 — akf. As Bovo =~ Y151, so too hfa ~ akf. O

Theorem 1.58.4. Let f: X — Y be a homotopy equivalence; let yo = f(xo).
Then f. : m(X,z9) = 7m1(Y,y0) is an isomorphism.

Proof. f and g are homeomorphic up to homotopy. Since the fundamental group
only sees equivalence classes of paths under homotopy, by Corollary
f+« is an isomorphism. That’s morally what’s going on.

Explicitly, fix zg € X. By Lemma there exists a path « from zg to

gf(xo) = 21 such that g.fs = (9f)+ = Gidy, (x,29) = .
The change of base point map & is an isomorphism from (X, zg) to
7m1(X, z1). Thus, f, is injective and g, is surjective.

We remark what f, and g, do:

(X, 20) L5 1 (Y, 50 = f(0))
771(Y7 yO) q—*> ﬂ'l(val = g(yo))
So note in particular where the base points are sent.

By symmetrical argument, we can use a path 8 from yg to fg(yo) to get that
g = Bidy, (v,y,) = B, and then g, is injective and f.’ is surjective. Note that
this is a new f,", since we have

m (X, 71) ELN (Y, 91 = f(x1)).

However, this is the same g.. Thus g, is bijective, and therefore an isomorphism.
Then, since g.f. = &, f. = (g«) '@ is a composition of isomorphisms, hence
itself an isomorphism, and we are done. O

Corollary 1.58.5. If h: X — Y is nulhomotopic, then h, is trivial.

Definition 1.58.6. A subspace A C X is a deformation retract if there
exists H : X x I — X such that

1. H(z,0) =z for all z € X,
2. H(a,t) =a for all a € A, and
3. H(z,1) € A for all z € X.
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In other words, H is a homotopy between idx and a retraction r : X — A that
is constant on A.

Example 1.58.7. S" is a deformation retract on R\ {0}: Let H(Z,t) =
(1-t)z+ T

Example 1.58.8. R?\ {p,q} deformation retracts onto the figure eight graph
and the theta graph. Most often we are vague about describing the explicit
maps, so pictures and verbal arguments suffice. Such an example is given below
for retracting onto the figure eight.

R

FR @

Example 1.58.9. The space S x S\ {p} deformation retracts onto the figure
eight graph. This can be seen using the flat torus, an identified polygon, below:

< < <
< < <

...............................

< - <
-« <« <

Lemma 1.58.10. A deformation retraction induces a homotopy equivalence.

Proof. Let r : X — A be the retraction, ¢ : A — X the inclusion, and H the
homotopy. So r(x) = H(x,1). Then rt = id 4 on the nose, since r is a retraction,
and running from time 0 to time 1, we have idx ~ tr by the homotopy H. [

Example 1.58.11. See that 71 (R?\ {0}) & Z, since 71 (R" ™\ {0}) = 7,(S™).

Definition 1.58.12. A space X is contractible if the identity map is homotopic
to a constant map.

Lemma 1.58.13. If X is contractible and X ~Y, then Y is contractible.
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Proof. Since X ~Y, we have f : X - Y and g : Y — X homotopy inverses.
Let H : X x I — X be the homotopy from idx to a constant map H(z,1) = xo.
Then let

Ky: Y x T 2% x w1 B x Ly

So Ks(y,t) = f(H(g(y),t)). Then when t = 0, Ks(y,0) = fg(y), and when
t =1, Ko(y,1) = f(xo) which is constant. Let K7 : Y x I — Y be a homotopy
from idy to fg. Then we define

K(y.t) = { Ko(y, 2t — 1) if

This is a homotopy between idy and f(xo), so Y is contractible, as desired. O

Example 1.58.14. The house with two rooms is contractible, since it is a
deformation retract of D3, but it is not obviously retractible.

\ﬁi ' =
] — U U
]
;l?“ 4 =

1.59 Section 59: The Fundamental Group of 5"

Definitions:
Main Idea: It’s trivial if not St.

Theorem 1.59.1. Ifn > 2, then m1(S™) = {1}.

Proof. Let f : I — S™ be a loop based at xo € S™. We need to show [f] = 1.
See that if there exists p € S™\ f(I), then using stereographic projection, there
is a homeomorphism h : S™ \ {p} — R", and so as R" is contractible, f ~ e,,.
So it suffices to homotope f to miss a point. This isn’t necessarily trivial, as
[Section 44: A Space-Filling Curve| has shown us.

So, we proceed. Fix p € S™ where p # zy. Let U be a neighborhood of p
such that U is homeomorphic to D™ and ¢ ¢ U. Then f~1(U) is an open set in
(0,1), hence a union of countably many disjoint intervals (a;,b;). Note further
that f~1(p) is compact, as it is closed and bounded, and so contained in only
finitely many of the intervals (a;,b;). On such an interval [a;,b;], homotope
Fliaps [a;,b;] — U so that the image is contained on the boundary oU =
OD™. As D™ is simply connected, any two paths between f(a;) and f(b;) are
homotopic. Repeat on all closed intervals as necessary. O

1.60 Section 60: The Fundamental Groups of Some Sur-
faces

Definitions:
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Main Idea: The fundamental group of a product, the fundamental group of
the torus, the fundamental group of RP?, and the fundamental group of the
Klein bottle, among others.

Theorem 1.60.1. 7T1(X X YV7 (x(),yo)) = 7T1(X, Io) X 7T1(Y, yo)

Proof. We have that p: X xY — X and g: X xY — Y, p and ¢ projection
maps, define a homomorphism @ : 71 (X X Y, (z0,y0)) — m1 (X, 20) X m1(Y, y0)
by ®([f]) = (p«([f]);¢«([f])). We show that ® is an isomorphism, by showing
it is bijective.

To see surjective, given paths g : I — X, h : I — Y, define the path
f=1(gh): 1= XxY. As g=pfand h=qf, then ®([f]) = ([g], [n]).

To see injective, suppose ®([f]) = 1. We show [f] is nulhomotopic. Then
pf =~ ez, via a homotopy G and ¢f ~ ey, via H. Then the homotopy F :
I xI— X XY defined by F(s,t) = (G(s,t), H(s,t)) is a homotopy between f
and €(z yo)-

Thus @ is an isomorphism. U
Example 1.60.2. 7(S' x S 2 Z xZ =2% = ([{]|a,b€ Z) = (a,b | ab =
ba).

w1 is generated by two loops, one around the torus and one through the
middle, a and b. The generators commute and are path homotopic, as

Thus ab ~ ba.

2
Example 1.60.3. Consider the real projective plane RP? = S/f ~_7

The quotient map ¢ : S? — RP? is a covering map. We know that S2
is simply connected, so the lifting correspondence map (Definition
¢ :m (RP? x9) = ¢ (x0) is a bijection.

Since ¢~ !(xo) only has two elements g and 77, m (RP?, z¢) = Z/2Z =Z-.

Zo v EI 4(1) Zo Zo
v \Qj
5?2 —1 RP?
The loop a is a generator for m; (RP2, 70), where a is 1 and a? is 0.

Lemma 1.60.4. Let co be the figure eight graph. Then m1(00) is non-abelian.
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Proof. Consider the covering space pictured:

b
P g~

00: o« 7y zo Ty Ob
J{ &_/J/\ajr
p p

00 : aZ xg b

Let a : I — oo be the loop transversing the a edge. Similarly define b: I — oo.
Then ab is a loop based at xg, whose lift starts at 7y and ends at z5. Further,
ba is a loop, whose lift starts at zo and ends at z7. In other words, the lifted
paths of ab and ba starting at xg satisfy ab(l) = x5 # x1 = ba(1).

We’ve shown that homotopic paths in the base space lift to the same end-
points (Corollary . Therefore, ab % ba, and 71 (c0) is not abelian. [

Theorem 1.60.5. Let Sy be the surfact of genus 2, a two-holed torus. Then
m1(S2) is non-abelian.

Proof. There exists a retraction r : Sy — 00, where oo is the figure eight graph.
This is obvious.

Thus 7, : 71 (S2) — m1(00) is surjective, by Lemma Since 71 (00) is
non-abelian by Lemma m1(S2) is non-abelian, as claimed. O

Theorem 1.60.6. Let K be the Klein bottle. Then m1(K) is non-abelian.

Proof. We do the same strategy as Lemma [1.60.4} we find a suitable cover.
Consider:

K : T —— Ty

K To — To

Recognize now that K is clearly also a Klein bottle.

Now, take ba a loop in K and lift it to a path starting at xo. Then it ends at
Zo, 80 ba(l) = xy. But ab, also a loop in K, lifted, ends at z7; i.e., ab(1l) = 7.
These are distinct in the covering space, and again we see that the fundamental
group 71 (K) is non-commutative/non-abelian. O
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Proposition 1.60.7. 71(K) = (a,b | ab™! = ba).

Theorem 1.60.8. Suppose n is 1 or 2. Then R" is homeomorphic to R™ if
and only if m = n.

We remark that this is true for all n, but we don’t yet have the machinery
to show this.

Proof. Suppose h : R® — R™ is a homeomorphism. Then h restricts to a
homeomorphism h[g. 5y : R \ {0} = R™ \ {#(0)}, which can be recognized
as a map S"1 — §mL

Then S™~! is homotopy equivalent to S™~!. If n = 1, then S = {a,b}
is not connected, and hence not homotopy equivalent to S™~! for m > 1. If
n = 2, then 7 (S') = Z and hence S! is not homotopy equivalent to S™~! for
m > 2. Whether by disconnectedness or different fundamental groups, we see
that if nis 1 or 2, R™ = R™ if and only if m = n. O

2 Topology 11

The notes for this semester are a lot harder to organize, because Hatcher is a
bad book. I have elected to do so to the best of my judgement and ability, which
means we don’t really get the continuity of theme that we do in the sections in
semester one. I'll do my best to make up for this with good exposition.

The outline for this semester can be vaguely characterized by the following
topics:

1. CW-complexes, a combinatorial way to build a topological space,

2. exploring the fundamental group m; further; Van Kampen’s theorem, clas-
sification of covering spaces, etc. in particular,

homology H.,, another topological invariant related to 71,
cohomology H*, related to H,,

Poincaré duality, and

A A o

the classification of surfaces, higher homotopy groups m,,, and other topics.

2.1 Section 1: CW-complexes

Definitions: n-cell, CW-complex, CW-pair
Main Idea: We define a CW-complex and list a few examples.

We begin with some underlying geometric notions. We can build surfaces in
the following manner:

1. Start with a vertex, considered as D°.
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2. Attach edges a, b, ¢, ... (thought of as D') so that their boundaries are D°.
3. Attach a square/disk so that its boundary is D?!.

Example 2.1.1. Consider the torus, which we will write as T = T2 = S! x S*.
We can start with a single vertex D, then attach two edges a and b, D's, and
then fill in the surface with a single D2.

« — “C'Db — T2

This can be suitably generalized beyond just surfaces.

Definition 2.1.2. We define an n-cell D™ to be a space homeomorphic to

B4(0,1) C R", the closed unit ball in R".

Given an n-cell D", the boundary dD" is the image of S"~1 C B,4(0,1)
under the homeomorphism, i.e., 9D" = S"~1,

Finally, an open n-cell is ¢ = D™\ dD™.

Definition 2.1.3. We define a CW-complex inductively, describing a struc-
ture of n-skeletons:

Begin with a 0O-skeleton, X°, the disjoint union of 0-cells.

For the 1-skeleton, for each 1-cell D!, define an attaching map ¢, : 0D, —

0 i Y0 D! 1
X". Then the 1-skeleton is X~ U U e ~ 0a(2) for all z € 9D",. As a set,

X'=x°11 Helm where e',, is an open 1-cell D', \8D1a.
(e}
Now, to define the n-skeleton, for each n-cell D™, there exists an attaching

map @, : 0D, — X"~ ! Then

n __ n—1 Dna
X"=X U U /x ~ pa()

for all x € 9D™,. Again as a set,

X”:HHe"a
(o7

The CW-complex is X = UX™. The topology on X is that a set U C X is
open if and only if U N X™ is open in X” for all n.

Example 2.1.4. To see an explicit example of a 1-skeleton construction, let
X be a single O-cell ¢, and then define the attaching map ¢ : 9D' — X° to
be the constant map. Then X! is

eVe 3 el
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i.e., homeomorphic to S'. We’ll see other ways to build S as a CW-complex.

Example 2.1.5. Any 1-dimensional CW-complex is just a graph, where the
vertices are O-cells, and the edges 1-cells.

Example 2.1.6. A surface of genus g, Sy, is a CW-complex with one 0-cell,

2g l-cells, (a1, b1,az,bs, ...,aq4,by), and one 2-cell.

1

NS
d

Example 2.1.7. An n dimensional sphere S™ is a CW-complex in two different
ways:

1. One 0O-cell and one n-cell, attached via the constant map 9D = §»—1 £,

X0 ie,

2. Two i-cells, D’ and D?_, for 0 <4 < n. Then X' 2 S and the attaching
maps are oy : 0D, =2 §% 4 X' are homeomorphisms. We show the
construction in steps:

Step One: Step Two:
1
e _
RN
eV o ol e e ocl_
~r

Step Three: €*4
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We remark now and prove later that the Euler characteristic, Definition [2.9.1
is invariant between construction of C'W-complexes.

Using the second CW-structure on S™, we can now define S = U S™.
n

Example 2.1.8. Note that the equivalence relation T ~ —Z respects the cell

structure in part two of Example Therefore, RP" = S™ T~ —T =

®Uel Ue?U...Ue". We have attaching maps D! =~ §i £ xi o~ Rp?
which are the usual quotient maps of identifying antipodes.
oo
We can therefore also define RP> = 9 S~ = U RP".
n

Definition 2.1.9. A CW-pair is a pair (X, A) where X is a CW-complex and
A is a subcomplex, i.e., A is closed in X and a union of cells.

Example 2.1.10. We remark that every n-skeleton X" is a subcomplex in X,
so (X, X™) is a CW-pair.

2.2 Section 2: Operations on C'W-complexes

Definitions: C'W-product, CW-quotient, suspension, wedge sum, cellular, at-
taching space, mapping cylinder

Main Idea: Description of some things you can do to CW-complexes. We also
get homotopy equivalences in special circumstances, which are nice.

Definition 2.2.1. If X, and Y are CW-complexes, then so is the product of
CW-complexes X xY. The CW-structure on X x Y is given by its open cells,

which are e, X e"g where €™, is an open cell in X and e" is an open cell in
Y.

Example 2.2.2. Let S'o be e1a (e, and let S's be c1s(C~ oe% .

Then we see that the torus S', x Sz has one O-cell, e, x €', two 1-cells,

ely x €% and €, x elg, and one 2-cell, !, x elg.

Definition 2.2.3. If (X, A) is a CW-pair, then we can define the quotient of

CW-complexes by X/ ‘4> a CW-complex, where the open cells are exactly the
open sets in X \ A, and one 0-cell for A. The intuition built up for quotient
spaces/groups/etc is exactly this: take the subspace A and collapse it to a point.
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Example 2.2.4. Consider the CW structure on S' x S* from Example
Let A=¢%, x e's. Then X/A is pictured below.

N

Definition 2.2.5. We define the suspension on a space X to be

SX =X XL/ 0y 0)
(z,1)~(z",1)

for all z,2’ € X.

Example 2.2.6. The motivating example is SS'; everything is completely
described in the following picture.

S
==

In general, SS™ = S"+1,

Definition 2.2.7. Given zg € X and yy € Y, we define the wedge sum
Xvy =XIY v

Example 2.2.8. S'V S! = oo, the figure eight graph.

Example 2.2.9. S' Vv S? is a sphere with an arc as a handle:

=

Definition 2.2.10. Let X and Y be CW-complexes. We say that a map
f: X =Y is cellular if f(X™) CY™.

Definition 2.2.11. If (X, A) is a CW-pair, Y is a CW-complex, and f : A - Y
is cellular, then we define the attaching space X Ly Y = X1 Y/ ~ f(a) for
all a € A.

We remark that X Uy Y is a CW-complex.
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Definition 2.2.12. If X and Y are CW-complexes, A = X x {0} C X x I,
and g : X — Y is a cellular map, then we can think of f asamap A — Y. A
special type of attaching space, called a mapping cylinder, is defined to be
Mf =X x1 Uy Y.

Xx{1}
Y

X -
XxI /XX{O}
M

v @/f(x) . Q__)

Example 2.2.13. Let f : S' — S! where z — 2%, Then M; is the Mdbius
band. The codomain, Y = S, is the center circle.

/\

Jrat

Recall Definition [1.58.1] which says that two spaces X and Y are homo-
topy equivalent if there exist maps f and g that are homotopic inverses. We
now give two criteria for X ~ Y
Proposition 2.2.14. If (X, A) is a CW-pair and A is contractible, then X —
X/A 18 a homotopy equivalence.

Example 2.2.15. Let X be a graph and A be a contractible subgraph (i.e., a

subtree). Then collapsing the subtree to a point (i.e., the map X — X/A, isa
homotopy equivalence.

X - X

CCe—"—0eD — (D

Proposition 2.2.16. If (X, A) is a CW-pair, Y is a CW -complex, and f,g :
A =Y are homotopic, then XUy Y ~ X U,Y. In other words, we can be vague
about describing explicit attaching maps.

Theorem 2.2.17 (Homotopy Extension Property). If (X, A) is a CW-
pair, Y is a CW-complex, F : X — Y is a map, and f; : A =Y is a homotopy
of F|,, then there exists a homotopy Fy : X =Y such that Fy|, = f;.

Proof. We first show that X x {0} U A x I is a deformation retract (Definition

1.58.6) of X x I.
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Let r: X x I — X x {0} U A x I be a retraction. Then we set F} = fr.
The retraction is evident; simply push on the top of X x I, leaving A x I and
X x {0} intact.

We give it explicitly, though. There exists a retraction v’ : D™ x I — D™ x {0}U
dD™ x I by radial projection from (0,2) € R" x I.
For example, if n = 2, the picture is almost exactly as we already have it:

A

A

I/ \.l

The retraction 7’ is explicitly r}(z) = tr'(z) + (1 — t)=.

This provides a deformation retraction of X™ x I onto X™ x {0} U (X"~tuU
A™) x I.

To retract not only an n-skeleton but all of X, we can perform this retraction
during the time interval [ﬁ, QL] This gives an infinite concatenation of
homotopies, which is the deformation retraction we seek, as long as we can
show it is continuous.

But indeed it is, because the homotopy is stationary on X™ x I during
[O, 2,1%], so it is continuous on X™ x I for any n. Since the topology of a
CW-complex defines open cells as open on every n-skeleton, this suffices. O

2.3 Section 3: Discussion of Algebra

Definitions: free product, extension of homomorphism
Main Idea: Brush up on your algebra before Van Kampen.

Definition 2.3.1. Let {G,}acs be a family of groups. We define the free
product * G,: its elements are reduced words g1gs...g,, where if m # 1, then
«

9i € Go, \ {e}, and a; # ;1. In other words, these are reduced words, where
if the length is not 1, we can reduce by removing identities e or by performing a
group operation if adjacent elements are in the same group G,,. Its operation
is concatenation and reduction.
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Proposition 2.3.2 (Universal Property). The free product satisifes the Uni-
versal Property:
For groups {Gu}act, *Ga, and H, there exist inclusion maps to : Go —
[e%

* G, such that for any collection of homomorphisms f, : G, — H, there exists

«

a unique homomorphism f : * Gy, — H such that fo = fio. In other words,
(6%

there exists a unique f such that the following diagram commutes:

Gy —— %G,
@
\\g =
Lbf
H

Example 2.3.3. We give an example of a free group: Z *Z = (a) =(b). This is
the free group of rank two, Fy. A reduced word is something like a?b~3a%b2,
while a non-reduced word is something like a~2ab, which reduces to a~'b. To
see the operation, (a?ba)(a='b"1a) = a®baa='b~ta = a3.

Note that Z % Z is not abeliean, versus Z? = Z x Z = Z®Z, which is abelian.

Example 2.3.4. For another example, Zy * Zs = (a) *(b). Then elements must
be alternating words in a and b, else they are not reduced words (since a? = 1,
b2 = 1). Note that ab has infinite order, since (ab)" = ababab...ab, n times.

We remark that |G * H| = oo always.

Definition 2.3.5. Given g = ¢1...9m € *G, where g; € G, we can define a
(6%

homomorphism f : * G, — H which is an extension of the homomorphisms
[0

fa : Go — H, via f(9) = for(91) fas(92)---fa,, (gm). This is just the Universal
Property in action.

Example 2.3.6. In Z * Z = (a) (D), let f12:Z — Z be homomorphisms, i.e.,
fi(a) =1 and f5(b) = 1, since a homomorphism in Z is uniquely determined by
where it sends the generator.

Then f : Z*xZ — Z. Some examples: f(a’b~la™!) =2-1-1=0, and
flab?abl) =1+2+1—1=3.

2.4 Section 4: Van Kampen’s Theorem

Definitions: normal closure, group presentation

Main Idea: Sit with this section for a while to get more comfortable with
it. Group presentations and Corollary [2.4.4] in particular are good places to
start, but make sure you have everything.

The main idea behind Van Kampen’s Theorem [2.4.3| is that we can

compute the fundamental group of a space by decomposing it into subspaces
whose fundamental groups are known.
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Definition 2.4.1. If Gis a group and S C G a subset, then the normal closure
of S is the normal subgroup ((S)), which is defined to be the intersection of all
normal subgroups containing S, or equivalently, {[] rss;*'r; = | r; € G,s; € S}.

Example 2.4.2. If S = {[a,b]}, a,b € (a) *(b) = Z % Z, then one can verify that
({[a, b])) is the collection of words whose a-exponents sum to 0 and b-exponents
sum to 0.

For example, a?b?a~tba=1b=3 € (([a, b])).

Theorem 2.4.3 (Van Kampen’s Theorem). Suppose X = UAQ, where A,

o
is open and path connected, and xg € A, for all . Then:

If A, N B, are path connected for all pairs a, 3, then ¢ : *m(Aq, o) —
m1(X, z0) is surjective.

If, in addition, A, N Ag N Ay are path connected for all triples o, 8,7, then
ker o = ({tap(W)iga(w) ! | w € m1(Aa N Ap), tas(w) € m1(An), tga(w)™t €

m1(Ap))).
Ultimately, we conclude that ¢ induces an isomorphism

7 (X) = Z ﬂ-1(140()/1«31" '

We describe the notation used:

If A, — X is inclusion, then there is an induced homomorphism j, :
m1(Aq) — m(X).

The map ¢ is just the extension, Definition to the free product.

Ifv: AsNAg — A, is inclusion, then there is an induced top : 1 (AaNAg) —
1 (Aa ) .

We remark that if w is a loop in m1 (AaNApeta), then @(tas(w)) = jatas(w) =
Jptpa(w) = ¢(tpa(w)), which implies that tap(w)iga(w)™! € ker ¢, which is
good.

Proof of Van Kampen. First, we show that ¢ is surjective. If f is a loop in
Aqa N Ag, then we show that f can be decomposed as a product of loops in each
contained in either A, or Ag.

Let f be aloop in the intersection. Then we break f into three pieces, f1fs f3,
and then there exist paths g; and g remaining entirely in the intersection
such that fifofs ~ f19191f29292f3, and frign € m1(A4p), g1f202 € m1(As), and
923 € m1(Ag). See the picture below.

Now we show that ker ¢ is exactly the normal subgroup described. To do
this, we introduce loop factorizations: let [f], an equivalence class of a loop in X,
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factor into [f1][f2]..-[fx], where each [f;] € m1(As,). Factorization is therefore
an element of =7 (A,). We make three remarks on factorization which are
o

pertinent:
1. Since ¢ is surjective, every [f] factors.

2. The factorization of [f] is equivalent to the factorization of [f]’ if we can
combine [f;][fi+1] into [f; fi+1] if @; = a;41. This is because both [f;] and
[fix1] lie in 71 (Aqy,), so their composition is a loop in A,,. This won’t
change the element in 27r1(Aa).

3. We can also recognize equivalent factorizations by regarding [f;] € m1(Aq,;)
as an element of 7 (A, ) if the loop f; is in Ay, N A,,,. This changes the
word in * 71 (A, ), but when we quotient by ker ¢, the factorizations are

(0%

indeed equivalent.

m (Aa)/ker @

We just need to show now that any two factorizations of [f] are equivalent. That

This shows that equivalent factorizations give the same element in *

will show that they are the same element in zﬂl(Aa " ker o
The proof of such a thing is deferred, but it can be done. O

Corollary 2.4.4. Let X, be a collection of path connected spaces with base
points T, € X4 such that x,, is the deformation retraction of some neighborhood
U, C X.. Then

! (\/Xa,xo) = :m(Xa,xa).

Proof. Let A, = X,V \/ Ug. Then A, deformation retracts onto X, so
BF#a
m1(Xa) = m(As). Since Ay N Ag = \/ U, deformation retracts onto X;
V#B,o
this implies kerp = {1}. Thus by Van Kampen w1 (V Xa, o) =
#4 1 (Xa, Za ), as claimed. O

This is the real powerhouse theorem for computing fundamental groups,
since we only occasionally discussed normal subgroups. In fact, we later use
this to realize every group as the fundamental group of a 2-dimensional CW-
complex.

Example 2.4.5. m(S'Vv S1) 2 ZxZ.

To see this, let the wedge happen at {1} on each S!. Then let 4; = SV
(S1\ {~1}) and let A3 = (S*\ {—1}) Vv S1. Then A; deformation retracts to
Stv{1} = S' and A, deformation retracts to {1}V.S! = S1. Then 71(S1VvS!) =
71 (SY) *x 7w (SY) = Z * Z.
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Example 2.4.6. Consider a Torus knot. If m,n € N are relatively prime, then
K = K, is the image of the embedding f : S — S' x S! C R?, where
z e (2™, 2").

On a square torus, this is a line of slope *:

Pictured above is a (2, 3) torus knot, the trefoil.

Now we want to compute 71 (R? \ K), the fundamental group of the knot
complement of some knot K. See that $3\ K = R*\ K'UB, where B is an open
ball about co. Then we set up the hypotheses of Van Kampen’s Theorem
2.4.3t BNR? \ K is homeomorphic to an open ball minus a point which is
homeomorphic to S? x (0, 1), which is simply connected.

Therefore, by Van Kampen

m(S3\ K) =2 m (R¥\ K) *7(B)
=m(R*\ K).

So we can work in S® and consider the knot complement as S3 \ K instead,
which we will find to be easier.

In particular, we can decompose S° via a Heegaard splitting: S® = 9(D*) =
d(D?* x D?) = dD* x D> U D? x 9D* = S' x D?* U D? x S'. Note that these
are two solid tori, and indeed, S? is the union of two solid tori glued along their
boundary. To picture this, first anchor one solid torus in R* = 53\ {oc}. This
anchored torus is the hole of the second solid torus; it passes through the hole
of the first, up and out towards infinity, through infinity, and then back up from
the bottom to meet itself.

Now, consider the knot K on the surface of the first solid torus. K meets
{z} x D? C S' x D? in exactly m points. Consider when m = 3; then {x} x D2,
the cross section of the torus, is shown below:
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® o X

On this cross section, the complement of K deformation retracts onto the dotted
“Y.” Then let X,,, be the mapping cylinder for x — 2" where X, is the “Y”s
for all x around the torus. We can do the same for X,, in the second solid torus.
We get a deformation retraction of the knot complement onto X, defined to be

1
X=XnUX, =5 %015 cmo

(2,1)~(2",1)

Since X, is a mapping cylinder, it deformation retracts onto S, so 7y (X,,,) =
Z = (a), and similarly m(X,) = Z = (b). And the intersection X,, N X, is
homeomorphic to S* x (—1,1); therefore 7 (X,, N X,,) = Z.
Now we consider the induced maps:
Lm*ﬂ'l(Xm N Xn) = <am> C 771(Xm)a and
b T (X N X)) = (07) C i (Xy).

Then by Van Kampen [2.4.3
(R \ K) 2 my (58 K) = m(X) 2 0Ly,

We make a quick aside for algebra.

Definition 2.4.7. Let S be a generating set. Any group GG can be expressed
as a free group on the generating set F(S), modulo some relations R C F(S),

ie., G= F(S>/<<R>> We denote the group presentation of G to be (S | R).

In other words, the fundamental group of the knot complement in Example
is (a,b | a™b™™) = {a,b | a™ = b").

Theorem 2.4.8. Let X be a CW -complex and let xg € X2. Then m1(X,zg) &
71 (X2, 20). In other words, the fundamental group doesn’t see above the 2-
skeleton.

Proof. We show it for when X has dimension 3. Let X = X? U, D3, where
¢ :0D3 — X? is an attaching map.

106



Fix a point p € Int(D3) so that D*\ {p} deformation retracts onto D3
which is homeomorphic to S?. Then X = X \ {p} Ue3. X \ {p} deformation
retracts onto X2, and the fundamental group of €3 is trivial. We just check
the intersection: X \ {p} Ne? is homeomorphic to S? x (—1,1), which is simply
connected. Therefore, by Van Kampen we see that

71 (X) =2 m (X?) .y (e?) =2 1 (X?),
as claimed. 0

Theorem 2.4.9. If we attach a 2-cell via the attaching map ¢ : 0D? = S — X,
then fix an xg € X, fir a point so € (0D?), and fix a path v from xg to so.
Then we get a loop v based at xo, and so [y¢7y] € w1 (X, zg).

Then

m(X U, D?) = Wl(X)/«wW'

Proof. Similar to Theorem we have Y = X U, D?* =Y \ {p} Ue?, where
Y \ {p} deformation retracts onto X and m;(e?) = 0. See that Y \ {p} Ne? =
St x (=1,1), an annulus. By Van Kampen [2.4.3] we have

1 (X)) # 7y (€2
m() =ML (@) e e m (V) () N2

=" (X>/<<Lz(a)bez (@) aezZ))y

To find explicitly the generator o of 71 (Y \ {p} Ne?), we have i, (a) = yp7 and
te2(@) = 1, so ultimately, we have that
m(X 0, 08 =M,

as desired. O

Example 2.4.10. Let X = S, the orientable surface of genus g. Let’s recall
the cell structure, which we described in Example
The 0-skeleton is a single 0-cell.
2g
The 1-skeleton is X! \/ S,
i=1
Then S, = X' U, D?, where p(0D?) = arbia; byt agbga, " byt
Therefore, m1(Sg) = (a1, b1, ..., agbg | [a1,b1]...[ag, by]).

Corollary 2.4.11. Surfaces Sy and Sy are homotopy equivalent if and only if
g=nh.
Proof. Consider the abelianization:

(m1(Sg))ab = ((a1,b1, ..., agby | a1, br]...[ag, by]))ap = Z7.

Since the fundamental group factors through the abelianization'?

commutative diagram:

, we have the

121 may have these wrong, but the diagram is correct.
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Fy, z*

~ 7

71(Sg)

We see that two surfaces have the same fundamental group if and only if g =
h. O

Theorem 2.4.12. FEvery group G is the fundamental group of a topological
space.

Proof. Let G = ({sa} | {rs}). Then construct a CW-complex where X° is a
single 0-cell, X! = \/Sla, and X? is constructed by attaching 2-cells %5 so

(03
that 73 = sg,...sp, describes an attaching map ¢g. Then by Theorem [2.4.9]

m(0) = Fed) ) =6

2.5 Section 5: Theory of Covering Spaces

Definitions: degree of cover, semilocally simply connected, isomorphism of
covers, universal cover

Main Idea: We discuss covering spaces and their sheets. We show existence
and uniqueness of lifts. We define the univeral cover, which exists if X is path
connected, locally path connected, and semilocally simply connected.

Recall the following definitions; most are pulled from and

e A covering space Definition |1.53.1f a map p : X — X where p 1(U) =
[[Ua with pl;; : Uy — U a homeomorphism.

e A lift Definition [1.54.1} given a covering space, if f : ¥ — X, then a
lift is f : Y — X such that f = pf.

e The Homotopy Lifting Property [1.54.3} given a covering space, a
homotopy f;: Y — X, and a lifting fo : ¥ — X, there exists a unique lift
fi:Y = X.

We remark the following corollary of the HLP

For all homotopies of paths f; : I — X and 7y € p~!(f:(0)),
there exists a unique homotopy of paths ft : I — X which is a
lift and f;(0) = zo. Note that f;(0) is independent of ¢, since a
homotopy of paths fixes the endpoints.

e The Path Lifting Property [1.54.2} for all paths f : I — X and choice
of base point zo € p~1(f(0)), there is a unique lift f : I — X such that

f(0) = zo.
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e A lifting correspondence Definition [1.54.5} given a covering space, ¢ :
71 (X, x0) — p~H(zo). Fix 2o € p~(wo); then p([y]) = F(1) where py = v
(i.e. 7 is a lift of ) and (0) = .

e Recall also that if X is path connected, the ¢ is surjective, and if X is
simply connected, then ¢ is injective. (This is just Theorem [1.54.7|)

Theorem 2.5.1. The map p, : m (X, Tg) — m1(X, z0) is injective. The image
is {[v] | e([v]) = Zo}, which is the set of paths that lift to loops in the cover X.

Proof. We show that ker p, = {1}. If p.[7] is trivial, then there exists a nulho-
motopy of v = py. Callit 9 : I — X. The HLP implies that there
exists 4; : I — X which is a nulhomotopy of 5. Therefore ker p, = {1}, as
desired, and p, is injective.

Now to show that the image is as claimed, see that ¢([y]) = zg if and only
if v = p¥ where §(0) = zy = J(1). This is the case if and only if [y] = p.[7] for
some [3] € m1 (X, Zp). O

Example 2.5.2. Let p: S' — S! by z + 2". We know that 7(S!) = Z = (a),
so the image of p. is (a™).

Definition 2.5.3. If p: X Xisa covering space and X is connected, then
we define the degree of the cover (also called the number of sheets) to be
the cardinality of p~!(z) for any z € X.

Proposition 2.5.4. As X is connected, the degree of the cover doesn’t depend
on x.

Example 2.5.5. If p: St — S' p(z) = 2", then the degree of the cover is |n]|.

Lemma 2.5.6. The number of sheets of p : X — X when X and X are path
connected is the index [m1(X, zo) : pam1(X, x0)].

Proof. Fixaloopg:I — X in X based at 9. Theng: I — Xisa path starting
at Zo. Then for [h] € p.mi(X,Z0), hg has the lift hg which ends where g does,
since h is a loop. Then there is a well-defined function O 1 PxTL ()N( ,Zo)lg] —
P~ (o) by m1(X, 7o)lg] = 5(1).

Since X is path connected, there exists a path g from any element in p=!(z¢)
to xo such that g is a loop based at zp in X. Thus ¢ is surjective. If we can see
that ¢ is injective, then a bijection does it, showing there are exactly as many
sheets as the index.

For injectiveness, if o(p,m1(X,70)[g1]) = @(pm1 (X, 70)[g2]), then g1gz lifts
to a loop in X based at Zo, so [g1][gz] € pm1(X,Z0), s0 pami(X,Z0)[91] =
P11 (X, 7o) [g2)- O

Example 2.5.7. Consider the covering space pictured:
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0o b
J{p R~ b~
00 : aZ xg b

Note that we are being lazy with notating paths in the cover.

Then there are three sheets, since being on e.g. loop a in the base space
lifts to three loops @ in 0. We can also list the loops in o© which generate all
loops in 00. They are (a2,b% aba=!,bab~!). To see this, collapse the maximal
spanning tree of co. In this case the maximal tree is

= 0 oat e
a
which evidently give aba~' and bab~! (a? and b? were clear). Then any loop,
for instance bab, is a product of generators. See that bab = bab~1b2.

Example 2.5.8. Consider the same base space oo, with the cover now

a

This is an infinite-sheeted cover! The only loop in the cover is a, so we have
(a), a subgroup of (a,b).

Theorem 2.5.9 (Lifting Criterion). Let p: X — X be a covering space. Let
[ Y — X. Suppose Y is path connected and locally path connected. Then a
Lft f:Y — X of f exists if and only if fom1(Y,y0) C pem1(X, o).

Proof. First, suppose fexists. Then f = pﬁ SO [y = p*f*. Then f.m (Y, y0) =
Pefami(Yoyo) C pami (X, o). "
Now, suppose f.m1 (Y, 30) C psm1(X,2p). Let y € YV and fixapathy: I =Y
from yo to y. Then, applying f, we have a path fv: 1 — X from xq to f(y).
The path fv has the unique lifting property, by PLP|1.54.2| Let f, : I — X

be the lift with f,(0) = zo. Set f(y) = f(1).

We briefly remark that this is well-defined; i.e., independent of choice
of . Let 7' : I — Y from yo to y be another path. Then the loop
[h] = [fv'fv] = fv'] € fem(Y yo) € pomi(X,20). Thus h is the
image of a loop h in X based at o. By the uniqueness of lifting
paths, the first half of his ﬁj, and the second half of h is 3‘: Thus,
the midpoint of / is ff;(l) = ff:(l)

110



It remains to be seen that the lift f is continuous. Let U C X be an open
neighborhood of f(y) such that there is a lift U C X where f(y) € U and
p: U—>Uisa homeomorphism. Then let V' be a neighborhood of y such that
f(V)CU. Forall y € V, as Y is path connected and locally path connected,
there exists a path 7 from y to y’. Then 7 is a path from g to 3’. Therefore
fyfn lifts to f/*;f/n where fn = p~'fn. Thus, f(V) C U, and ﬂ =plf sof
is continuous. v O

Theorem 2.5.10. Suppose Y is connected. If f1 and f2 are lifts of f and
F1(yo) = Fa(yo) for some yo €Y', then fi = fo.

The Lifting Criterion characterizes existence of lifts. This theorem
characterizes uniqueness; if two lifts of a function agree on a point, then they
agree entirely.

Proof. For y € Y, let U C X be an open set such that f(y) € U and p~ ' (U) =
HUO‘ with p|; : Us — U is a homeomorphism. Then suppose fi(y) € Ua,

and fvg(y) € U,,. By continuity, fix a neighborhood V' C Y of y such that
f1(V) CU,, and f3(V) C U,,. There are two cases:

1 If fi(y) = f2( ), then Uy, = U,,. Thus f1 = fo on V, as p is injective on
U, and pf1 = f = pfs. We conclude that the set {zreY| fl( )= folz )}

is open.

2. If fl(y) #+ fg(y), then Ua, # Ua,. Thus fl #+ fg on V. We conclude
that the set {z € Y | fi(z) # fo(z)} is open. Equivalently, the set
{z €Y | fi(x) = fa(x)} is closed.

So{zreY ﬁ ) = fg(x)} is open and closed in Y. As Y is connected, by
Definition 2l {zeY | ]?1( ) = fao(x)} clopen implies it is either ¥ or
0. But by hypothe51s Filyo) = fz(yo) soyo € {z €Y | fi(z) = fa(w)}. Thus
{zeY | filx)=fala)} =Y, s0 fi = f. O

Definition 2.5.11. A space X is semilocally simply connected if for all
x € X, there exists a neighborhood U C X of x such that the map induced by
inclusion ¢, : m (U, ) — m1 (X, x) is trivial; i.e. ¢ ([f]) = 1.

Example 2.5.12. C'W-complexes are semilocally simply connected.

Example 2.5.13. The Hawaiian earring, pictured below, is not semilocally
simply connected. Any neighborhood of the intersection point contains infinitely
many circles, so w1 (U, z) = 71 (X, x).
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Our goal now is to figure out what conditions we must impose on X to get
a simply connected cover X (e.g., R & S1).

Lemma 2.5.14. Let X = {[y] | v: I = X,7(0) = 20}, and let p : X — X be
defined by p([y]) = v(1). Then the set B consisting of path connected open sets
U C X such that m(U) — m1(X) is trivial is a basis for the topology on X.

Proof. Given a neighborhood V' C X of x and U € B such that « € U, then
x € VNU so we have

m(VNU, ) m1 (X, x)

~

m (U, x)

Since m (U) — 71 (X) is trivial, so too must be 71 (V NU) — 71 (X). Therefore
V' NU € B, and B is a basis for the topology on X. O

Lemma 2.5.15. Let U € B and let v : I — X be a path where v(0) = xg

and (1) € U. We define Uy = {[yn] | n: 1 = U,y(1) = n(0)} € X. Then
U} = B is a basis for the topology on X.

Proof. We first claim that if [y'] € U},j, then U}, = Upy. In other words, in
the “stack of pancakes” of a covering space, if two pancakes intersect, then they
are the same pancake.

Let [y'] € Up). Then we can write [y'] = [yn] for some 7. Then
o'l = by}, so Upyy € Ul

On the other hand, [yn'] = [ynqm'] = [v'7n'], so Uy € Upy. There-
fore, U[’Y] = U['Y’]'

Now, we show that {U,j} is a basis for X. Let [y'] € Ul N Viy where
Uy, Viy € B. Then Upy = U, and Vi = V). Thus if W € B such that
7"(1) € W C UNV, since B is a basis on X, then we have [y'] € W, C
Upy) NV = Ul N V4. Therefore, B is a basis for a topology on X. O

Lemma 2.5.16. The map p : U] — U is a homeomorphism.

Proof. First, we claim that p: Uy, — U is a bijection.
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To see surjectivity, U is path connected, Theorem gives us p
surjective.

To see injectivity, by assumption the inclusion map m (U) — m1(X)
is trivial, so if p([yn]) = p([yn']), then nn’ is a loop in U, so yn ~ 1/,
and p is injective.

Now since p is a bijection, p induces a bijection between subsets V) C U},; and
V C U. Thus p is a homeomorphism. O

From this we can conclude that the notation is appropriate; p : X5 Xisa
covering space.

Lemma 2.5.17. Let X be path connected, locally path connected, and semilo-
cally simply connected. Let X,p be as described above. Let [x0], a constant path
m X be the base point ofX Then X is path connected.

Proof. Given [y] € X, define a homotopy 7, : I — X by ~(s) = ~(ts). Then
~v1 =7 and vy = [zg]. Thus there is a path from any [y] to [zo] to any [y/]. O

Theorem 2.5.18. If X is path connected, locally path connected, and semilo-
cally simply connected, then X is simply connected.

Proof. Let f:1 — X be a loop based at [z¢]; we show it is nulhomotopic.
Define the homotopy ~:(s) = y(ts). Then [v] is a lift of the path v to X.
Since [yo] = [zo] = f(0), the uniqueness of lifts implies that [y;] = f(¢). Then
[v1] = f(1) = [zo]. But since [y1] = [7], 7y is nulhomoptic. And since p is a cover,
by Theorem Dx is injective, so f is also nulhomotopic, as desired. [0

Thus Theorem |2.5.18| gives sufficient conditions for X to be simply con-
nected.

Definition 2.5.19. An isomorphism of covers is a homeomorphism f :
X1 — X2 such that if p; : X; = X and ps : X2 — X are covering spaces, then
p1 = p2f. In other words, the diagram commutes:

X1+>X2

N

Theorem 2.5.20. If X is path connected, locally path connected, and semilo-
cally simply connected, then there exists a bijection between

o subgroups of w1 (X, x0) and covers p : (X, 7o) — (X, x0) modulo base point
preserving isomorphisms, and

e conjugacy classes of subgroups of m (X, xq) and covers p : ()N(,fa) —
(X, x0) modulo isomorphism.
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Proof. Let p: X — X be a simply connected covering space of X. Then fix a
subgroup H < (X, zp). Define an equivalence relation on X by [y] ~ [y/] if

v(1) =~'(1) and [v'7] € H. Let Xy = X/N.

If [v] ~ [%'], then (1) = ~/(1) and so p([y]) = p([7']), and hence p factors
through X . Further, if [y] ~ [/], then [yn] ~ [7'n], so the equivalence relation
identifies U},) and Up,/). Thus, pf : Xy — X is still a covering space.

Let Zg be the equivalence class of [zg] € X. Then pf, m (X, 70) = H, since
a loop 7 in X lifts to a path from [z] to [7] in X. This path is a loop in Xy if
and only if [y] ~ [xo], which is exactly when [y] € H.

Now we prove the theorem. First, if f : )71 — )72 is an isomorphism pre-
serving base points (i.e., f(z1) = xo for f(77) € p1 1 (x0) and x5 € pa~1(x0)),
then p; = pof implies that p;,m; (Z,ﬁ) C po2,m (),(;755) Since f is a
homeomorphism, we can do the same argument to ps = p; f~1, and thus
P11 (X1, 71) = p2,m1 (X2, T2). . .

For the other direction, assume py,m(X1,21) = p2,71(Xa,73). Then we
may lift p; and po to p1 and p3; see the commutative diagrams:

ﬁ._ . > (5(1/2’55) j;g._ . > (E,E)
J{Pz J{m
(X1,71) —2 (X, z0) (Xs,72) —2— (X, x0)

We can then conjoin the diagrams, gluing ps to pa, to get:

X
TR
:)2; P1
P X‘
2
X, —2 X,

Thus we can see that pap; is a lift of p; to )/{1, and pap;(z7) = z1. Further
note that z'dy1 is also a lift such that id;{l (x1) = x1. Since lifts are unique,
pap1 = id)f(vl. Similarly, one can show that pips = id;{z. Thus )71 and )72 are
homeomorphic.

We remark only briefly that changing the basepoint corresponds to conju-
gation: Let g = [py] € m1 (X, zo) where p is the covering map and + is a path in
X from Zg to z7. Then p*ﬂ'l()?,ﬂ) = g_lp*m()?,fa)g. O

Definition 2.5.21. A simply connected covering space X is called a universal
cover. Such a cover is unique up to base point preserving isomorphism.
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We remark that the universal cover factors through any other cover. If
p: X — X is the universal cover and py : Xg — X is an other cover, there
exists p; unique up to base points such that the following diagram commutes:

X
R
.
P X
e
X
2.6 Section 6: Deck Transformations and Group Actions

Definitions: deck transformation, deck group, normal cover, group action,
covering space action

Main Idea: This is a section to sit with for a while. Outside sources might be
nice.

Definition 2.6.1. A deck transformation of a cover p : X 5 Xisa
homeomorphism f : X — X such that p = pf.

Definition 2.6.2. The group with elements deck transformations f and oper-
ation function composition is called the deck group of the cover. We write

G(X) to mean the deck group of X.

We remark that f is a lift of p; see

Ik

X T x

Thus if X is path connected, the unique lifting property implies that f is com-
pletely determined by where it sends a single point. This remark is very useful
to see what the elements of the deck group are and determine the deck group
itself.

Example 2.6.3. G(R — S') = Z. If  — >™* then z + n — >™@tn) =

€2 Then we say S! acts on R by integer translations.

Example 2.6.4. G(S' % S') = Z/nZ' This corresponds to rotations by
multiples of 2%

Example 2.6.5. G ()? ) where the cover is below is isomorphic to Z/QZ; simply
swap vertex choice of xg.
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Example 2.6.6. In X pictured below, G(X) 2 0 because since T, must be
fixed, it is the only vertex with two loops coming in and two loops going out.

a
P R TN
b e o ° e Da
K N
a
P

GC Zo Db

Definition 2.6.7. A covering space p : X — X is called normal or regular
if for all zg, 77 € p~*(xg), there exists a deck transformation f: X — X with

f € G(X) such that f(Zg) = 27; i.c., G(X) transitively permutes p~* ().

We remark that Examples 2.6.4] and are normal covering
spaces, but Example is not.

Theorem 2.6.8. Let p : (X,Zy) — (X,20) be a cover where X and X are
path connected and locally path connected. Let H = p,m1(X,xg), the subgroup
corresponding to the cover. Then

1. H is normal if and only if p : X = X is normal, and

2. G(X) = N(H)/H where N(H) = {g | gHg~' = H} is the normalizer of
H.

Proof. We prove each claim in correspondence.

1. To see that H is normal if and only if p : X — X is normal, let Zg, Z; €
p~1(xg). Let [y] € m1(X, z0) lift to a path from Zg to 7. Then see that

pem(X,71) = (1] pem (X, 70) 0] = b] ' H .
Thus [y] € N(H) if and only

I . >~ S
f ' (X, 7o) if pomi(X,71) = pumi (X, 70),
: lp which is the case if and only
: if there exists a deck transfor-
(X,71) —2— (X, z0) mation taking z1 to g, by the

Lifting Criterion [2.5.9

2. To see that G(X) = N(H)/H, we define a homomorphism N(H) — G(X)
by ¢([y]) = f, where f is the deck transformation sending zq to ¥(1). We
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show that ¢ is a homomorphism, surjective, and then show that ker p = H,
s0 G(X) = N(H)/H

To see homomorphism, let [y'] € N(H). Let 7' be the lift starting at Zg.
Then the lift of v4" is the path Ff(9/). This path ends at f(+/(1)) =
ff'(xg), where f’ is the deck transformation for [y’]. Then see that

o[ = ff = e([7De([7']). Thus ¢ is a homomorphism.

To see surjection, if f € G()Z'), then just take the path 7 from zg to f(Zp).
Then ([p7]) = f, as desired.

Finally, we show ker ¢ = H, to complete the proof. Simply put, the kernel
is the loops that lift to loops based at zy. This is exactly p.mi (X, 7o) = H.

Thus G(X) = ZV(H)/H7 as desired. O

Example 2.6.9. Recall Example Since R is simply connected, p,m (R) =
0, and thus G(X) = m(S?) = Z.

Example 2.6.10. Recall Example Here p,m1(S') = nZ, and G(X) =
Z
n-

Example 2.6.11. Here we see p,m (X, Zo) = (a,b?,bab~'). Do the same max-
imal tree decomposition as Example

Example 2.6.12. Recall Example Recall that in Example we
saw that p,mi(X,Zo) = (a?,b%,aba™!, bab™1).

Definition 2.6.13. A group action is a homomorphism p : G — Aut(X),
which we often write p(g)(z) = gz, such that

1. egx =z, and
2. (gh)x = g(hx).

Definition 2.6.14. An action of a group G on a space Y is called a covering
space action if for all y € Y, there exists U C Y a neighborhood of y such that
if g1(U) Ng2(U) # 0, then g; = go. Equivalently, if g(U) NU # @, then g = e¢.

Example 2.6.15. G()?), the deck group on the covering space, acting on X is
a covering space action. Elements of G(X) permute the stack of records. By the
non-intersection of the records, if g(U) NU # 0, then g(zo) = o, so g = id .

Proposition 2.6.16. Suppose G acting on'Y is a covering space action. Then

1.p:Y— Y/G s a mormal covering space,

2. G (Y — Y/G) > G if Y is path connected, and
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3. g™ (Y/ G)/

DPxT1
Corollary 2.6.17. If Y is simply connected, then p,m(Y) = 0, so by 3. in
Proposition |2.6.16, G = m, (Y/G).

(Y) if Y is path connected and locally path connected.

Example 2.6.18. Z acts on R by integer translations: nx = x +n. Given z €
R,letU = (;U — ix + %) Then translating U, i.e., nU = (gc +n— i,x +n+ i),
which intersects itself only when n = 0. Thus nU NU # 0 only if n = 0.
By Proposition|2.6.16{ m; (R/Z) = 7m1(S1) = Z, as R is simply connected.
(Recall Example [2.6.3])
Example 2.6.19. Consider S°® as {(z,w) € C* | [2|? + |w|?> = 1}. Fixp > 1
and 0 < ¢ < p such that ged(p,q) = 1. Then Z, acts on S* by n(z,w) =

2min 2ming

(e77 z,e” » w). We check that this is a free action, which is weaker than a
covering action:
2min 2min
If 2#0,thenz=e 7 z,s01l=e 7 ,son=0 modp;ie,n=0¢€Z, If

2ming 2ming

w#0,thenw=e » w,s0l=e » ,and since gcd(p,q) =1, n=0 € Z,.
One of the above always happens in S3, because if both z = 0 and w = 0,
then (z,w) ¢ S3.

3
Such spaces; Ly = S /Zp, are called Lens spaces. By 3. in Proposition

m1(Lp,q) = Zp. "

Example 2.6.20. Z; acts on S! x S! by the nontrivial element maps (,y)
(—x,7) where —z is rotation by 7 and 7 is reflection. To see this, consider the
polygonal representation of a torus:

a
e ———— @
b b
/lA /l\ flip
e ————————— @
a
translate (rotation by )
4>

The dotted region is called the fundamental domain, because every equivalence
class, called an orbit, has a single representative here. To see this, we can overlay
the fundamental domain over the torus twice with a flip; i.e.,

13We see more of Lens spaces in the summer; they motivate torsion, since the fundamental
group (and other topological invariants we will define) doesn’t see g. Torsion will!
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1 1

From this picture we can clearly see that S xS /Z2 is the Klein bottle, which
we’ll call K here. There are two Klein bottles in the cover of the torus in the
picture above.

Thus p : S* x S' — K is a covering map and p,m; (S* x S') = Z%. We have

Zo = (a%,b) < (a,b | abab) 225 (a | a?).

3
where we take a single arm of Sy and cut it through the center circle, then
gluing the gray cut line to form Ss. Thus 1 (S2) contains 71 (S4) as an index 3

41 5.4

Example 2.6.21. Z3 acts by rotation by 2% on Sy 2y S,. Then S‘VZB is Sy

So

This can clearly be generalized; if we have a surface S, with d spokes, then
there exists a d-sheeted cover S; — Sy,41 where m is the number of holes in a
spoke, if g = dm + 1. Then Z, acts on S, by rotation by 27“ We show later
that this is if and only if.

2.7 Section 7: The Classification of Surfaces

Definitions: connect sum
Main Idea: Every surface is either the sphere, a connect sum of a bunch of
tori, or a connect sum of a bunch of RP?.

Proposition 2.7.1. Any compact connected surface is homeomorphic to the
quotient space obtained from a collection of disjoint triangular regions by pasting
edges together in pairs.

Example 2.7.2. While we usually think of a torus as

% s o
)

ki

o

%2 s o
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we can also consider the torus as

e e
1 0
o 2 s
Example 2.7.3. Similarly,
oi—— e is the same surface as oi——
b, b
o —2 5 o o L 5 o

Both surfaces are in fact RP2.

Corollary 2.7.4. All polygons are triangulable, so a compact connected surface
s the quotient of a polygon by identifying edges in pairs.

We remark that currently this is the more handy formulation, but when
we regard surfaces as simplicial complexes, we actually need to decompose into
triangles.

Corollary allows us to have the following set-up for this section:

e Let P be an n-gon in the plane with a labeling scheme of edges, w, in OP.

e The scheme w is w = (a4, )" (a,)%2...(a;, ) where ¢; € {—1,1}. There
are 7 labels, since a label joins two edges of the n-gon.

Then X = © /4w 18 the quotient space obtained by identifying edges via the
labeling scheme w.

Example 2.7.5. Let w = abca '~ '¢™'. Then we have the hexagon with
labeling

P
N A

We claim this is a torus. To see this, consider the typical way we write the

torus, which must be w = aca”'c™'. The single “corner” of this square torus

thus sees the following:



We can see how this is the polygon with scheme w = abca™'b~'c¢~! by stretching
the corner to be the side b:

We can see exactly the abc and the a~'b~1¢~!. We can also see how this becomes
the donut-torus:

If you imagine contracting side b, you can see how this is exactly the usual way
we make the torus.

Example 2.7.6. w = abab~! is the Klein bottle.
Example 2.7.7. w = aa is RP?.
Example 2.7.8. w =aa"!is S2.

Definition 2.7.9. If X and Y are compact surfaces with A C X and BCY
such that A and B are homeomorphic to the closed disk D? C R?, then the
connect sum of X and Y is

X#Y =X \Int(4) | | Y \Int(B).
O0A=0B

Example 2.7.10. If X is a compact surface, then X#52% = X.
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Example 2.7.11. (S x SH#(S! x S1) = Ss.
Example 2.7.12. S, = # S x St
g

Example 2.7.13. RP?#RP? is the Klein bottle.
To see this, write the Klein bottle as

b oo
b o
|

The dotted line is a circle in the Klein bottle. If we cut along this circle, we get
two M6bius bands. See:

Therefore, the Klein bottle is two Md6bius bands joined along their boundary.
Thus, if we can show RP?\ Int(D?) is a Mdbius band, that will prove the result.
To see this, consider

[ ) [ )
b le
a
e —— e
b le
[ ) [ )

which is a M&bius band, as desired.
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Theorem 2.7.14 (The Classification of Surfaces). If g > 1, then the ori-
entable surface Sg = # St x St is the quotient P/w where the labeling scheme is
g

w = aybra; by agbga, b, !, and the nonorientable surface N, = # RP?
g

: . P _
is the quotient * /4, where w = ai1a102a2...a4a4.

This theorem classifies all the surfaces, as a surface is either orientable or
not.

Proof. We begin by defining some elementary operations on schemes.

e We can cut: if w = yoy1, then we can write yoc, ¢ 'y;, where ¢ does not
appear anywhere else.

e We can paste: if we have two schemes yoc and ¢~ 1y, we can write yoy.

e We can relabel: we replace all occurences of a label with a new label that
doesn’t appear in the scheme.

e We can cyclically permute: if we have yoy;, then we can write y;yo.
e We can flip: if w = (as,)°*...(a;, )", then we can write (a;, )~ °"...(a;, ) ~°".

e We can cancel: if w = ygaa ly;, then we can write yoy; if a doesn’t
appear in yg or ¥i.

e We can uncancel: if w = yoy; we can write ypaa~ly; (note that we never
use this).

We define two labeling schemes to be equivalent if one is obtained from another
by a finite sequence of elementary operations.

We also call a labeling scheme proper if each label appears exactly twice,
torus type if it is proper and each label has one positive exponent and one
negative, and projective type if it is proper but not torus type. Thus, using
this new language, we will show that every torus type scheme is equivalent to
a1b1a1_lbfl...agbgag_lbgfl and every projective type scheme is equivalent to
a1a7...G404, and the theorem will be proven.

We first claim that ypayiays is equivalent to aayoy: ~'ys.

Suppose yg is empty. Then we have:

S s 7

Thus we see we have ay; ays is equivalent to ¢~ *¢ ™ y; ~'y», which after

relabeling, is aay, ~ 'y, as desired.

Now if y1 or yo is empty, we can permute the labels to put the empty
piece in the yo place. So it remains to show the case when g, y1, 2
are all nonempty. In this case, we have
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b e ]

We thus have byiyo~'by2. Then b(y110~1)bya, so we can apply the
case when yq is empty to get bb(yoy: 1)y, as desired.

This claim shows that if w is projective type, then w is equivalent to a scheme
of the same length of the form ajaiasas...axarwy, where w; has torus type
and k£ > 1. To see this is simple: find an appropriate label a, possible since
w is projective type and use the claim to convert ypayiays to aayoy: ‘ys. If
yoy1~ ‘y2 has torus type, you are done. Otherwise, rewrite your scheme to be
aazopbz1bza. Then we have (aaz)b(z1)b(z2), so again apply the claim to get
bbaazoz1 ~'ze. After finitely many steps, you are done.

Now we claim that if w = wowi, where w; is torus type, and no two copies
of the same label are adjacent, then w is equivalent to wows of the same length
as wowi, where wy = aba~ b~ lws, and w3 is torus type or empty.

We describe in words, but drawing the polygons out may prove to be
helpful.

Let w = woyayzbyza™'ysb~'ys; this can always be chosen. Then
make a cut ¢ from the vertex where wy meets y; to the vertex where
y3 meets a. Then glue along a and relabel ¢ as a.

We now have w = woayabysa 41940~ 'ys. Then make a cut ¢ from
the vertex where wy meets a to the vertex where a meets y;. Then
glue along b and relabel ¢ as a and a as b.

We now have w = woay1yaysb~'a " byoys. Then make a cut ¢ from
the vertex where wg meets a to the vertex where a meets b. Then glue
along b and relabel ¢ as a and a as b~ !, and let w3 = y1y4y312Ys.

We get w = woaba~'b~'ws, as desired.

We also claim that a scheme of the form wyccaba™ b~ tw, is equivalent to
woaabbccwy .

The idea hinges on the fact that for a surface S, SHRP?#(S* x S1)
is homeomorphic to S#RP*#RP?#RP?. We show this subclaim,
and the claim follows.

We know that RP*#RP? is the Klein bottle from Example
and that RP?\ D? is a Mdbius band. So to see what space is ob-
tained by RP?#RP?#RP? = Klein bottle#RP? is, we’ll show that
[(ST x S1)\ D?] glued to a Mébius band is homeomorphic to (Klein
bottle)\ D? glued to a Mobius band. Here’s our Mobius band:
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I Bk

So, take the Klein bottle, remove a disk, and attach a M6bius band:

a

s

_>

AN
N,

So we now have a hexagon with labeling scheme w = ddb~tab~'a
We wish to show that this labeling scheme represents [(S* x S1)\ D?]
glued to a Md&bius band. Indeed, see that:

N
v

-1

. 4>d . Hd .
NN

Cut along c; glue along d; identify a new side e:

IS D VR DN

.*>.
a a a
e
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Cut along e; glue along a; straighten out the polygon so it looks
nicer:

™ N T
ShA S A g

€

NN T

Now, we wish to pull apart the labeling scheme w = ccbeb™'e™! to
show that it is a Mobius band stuck to a torus with a disk removed.
In fact,

SN
N, 7

e

. .*>.
(&
b

- . .

\ ‘ /

R .ﬁ).
% b\. b7

LS s —_— .

and, as desired, we have a Mobius band and a torus ebe™'b~! with a
disk removed.

Thus, we are finally ready to prove the theorem. Since it is several pages away
by now, recall it to be that a compact surface is homeomorphic to S2, Sy, or
Ny for g > 1.

Let X =L w- If the length of w is 2, we can enumerate all possibilities; we
have either

e w =aa, and X is RP2, as we have seen in Example or
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e w=aa"', and X is 52, as we have seen in Example [2.7.8
If the length of w is 4, we again enumerate; we have:
o w=aba 'b"!,and X = S' x S' = 54,
o w=abab~ !, and X is the Klein bottle, which is equivalent to aabb, No,
e w = abab, so w = cc, and X = RP? = Ny,
aa"'bb~!, s0 X = S,

o w
o w = qaabb~! or w = aa~'bb, which is also X = Ny, or
e w = aba~'b, which is also the Klein bottle Nj.

If the length of w is 6, we no longer enumerate all possibilities; instead we use
the claims we have proven to rewrite w. If w is of torus type, then we get
w = alblal_lbl71...agbgag_1bgfl, and we have S,. If w is of projective type,
then w = aja;...a4a4, and we have N,. O

Example 2.7.15. We can show that the Klein bottle abab™! is projective type
as we claimed in the proof of the Classification of Surfaces [2.7.14] since we
have two positive as. To see this, the sequence is

abab™! ~ abe, ¢ tab~! cut
~s bea, b e ta permute
~ bea, a”teb flip
~> beeb paste
~ bbcc permute

We remark for algebraists in the audience that compact surfaces form a
monoid under connect sums. S? is the identity, and S; and N; are generators
of infinite order. The monoid has the relation that S1#N7 = N1#N1#N;.

2.8 Section 8: Homology: Simplicial, Singular, Reduced,
Relative, Cellular

Definitions: n-simplex, A-complex, chain group, boundary homomorphism,
chain complex, homology groups, singular n-simplex, singular n-chain, singu-
lar chain group, singular boundary homomorphism, singular homology groups,
reduced homology, induced map of singular homology, exact sequence, relative
chain groups, relative homology, naturality, Betti number, degree of map, local
degree, cellular homology

Main Idea: Homology is kernel of a map mod the image of the preceding map;
it is cycles mod boundaries. A simplex is a triangle. Simplicial homology uses
simplicies, singular homology uses maps, cellular homology uses CW-complexes.
Make sure you know the long exact sequence of the pair, of the triple, excision,
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and anything else mentioned. This is a big, meaty section, with a lot of the-
orems and proofs, but the takeaway for a qualifying exam is knowing how to
compute homology groups. Get some practice doing that!

Definition 2.8.1. The standard n-simplex is

A" — {(mo,...,xn) c R"T! | z; > 0 and le = 1}.

i=0
For example, Al is a line, A? is a triangle, and A® is a tetrahedron (D4). A
good basic intuition to have is that an n-simplex is a generalization of a triangle.

We remark for later that we will want to orient simplices. If a simplex is
composed of vertices [vg, ..., U], then we orient the edges from lower-numbered
vertex to higher, and the faces and up so that the orientation agrees with the
edges.

Example 2.8.2. Suppose we have a 2-simplex as pictured. The vertices have
been given a numbering, which forces an orientation on the edges, which forces
the orientation of the 2-simplex- it is oriented so that it agrees with two of the

three edges.
V2
/ O\

Vo —— > U1
Definition 2.8.3. We define a A-complex thusly: given

e a collection of n-simplices of various dimensions {A",}, and
e a collection of sets JF; consisting of faces of the same dimension,

then a A-complex X is the quotient of H A", obtained by identifying faces in

[e3

each F;.
We can informally say that a A-complex is built by gluing simplicies together
along faces.

Example 2.8.4. A A-complex structure on S* x S' is

a
(% v

<o
=
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We have two 2-simplexes, A%;; and A%;. Then the faces are F, = {ay,ar},
]:b = {bU,bL}, and .7:6 = {CU,CL}.

Definition 2.8.5. If X is a A-complex, then the chain group A, (X) is the
free abelian group on the set of n-simplices of z, {A",}.
The elements in this group are finite formal sums:

D naAty € An(X),

where n,, € Z.1

Example 2.8.6. Let’s see the chain groups of S* x S! with the same A-complex
structure as Example There is one 0-simplex v, three 1-simplices a, b, ¢,
and two 2-simplices U, L. We see that

AO(Sl X Sl) = {71111} = Z,

A1 (S! x SY) = {nya+ ngb+nzc} = Z*, and

Ao (S* x SY) = {nU +noL} = Z°.
Definition 2.8.7. We define a boundary homomorphism between chain

groups to be 9, : A, (X) = A,—1(X), where

n

On([v0, 1, oy vnl) = Y (=1) 00, ey Ui, oo U],

i=0
where 9; means to omit the ith vertex in the alternating sum.

Note that this is precisely the reason we needed to orient simplices in the
definition.

Example 2.8.8. The most basic example is 0i([vg,v1]) = [v1] — [vo]. The
picture is vg — v1.

Example 2.8.9. 0([vg, v1,v2]) = [v1,v2] — [vg, v2] + [vo,v1]. The picture is as

in Example

Example 2.8.10. 95([vg,v1,v2,v3]) = [v1,v2,v3] — [vo,v2,v3] + [vo,v1,v3] —
[U()7711,U2]~

We remark the orientation of a 3-simplex does agree with the right hand
rule.

Lemma 2.8.11. The composition

On—1

An(X) 255 A1 (X) 225 Ao (X)

is zero; i.e., Im(0,) C ker(Op—1).

14We'll later consider arbitrary groups, not just Z.
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Physically, you can think of this as e.g. the boundary of a triangle is a circle,
which has no boundary, or the boundary of a tetraderon is a sphere, which has
no boundary, which is helpful for the intuition of cycles and boundaries, but
often it is nice just to think of these as algebraic objects.

Proof. This is just a computation grind:

On—10n([V0s s Un]) = On1 (Z(_ni[vo, vvn]>

=0
n i—1 .
= Z (_1)1(_1)] [UOa » Uj,s 7137,7 avn}
i=0 \ j=0
n
+ Z (_1)1(_1)j_1[1}0a 5 Uiy ey Ugy 7vn]
Jj=i+1
D DI U E Vi
0<j<i<n
S D o K ) Kl (N R S
0<i<j<n
These sums cancel term by term, so they sum to zero. O

Definition 2.8.12. A chain complex is a collection C4 consisting of C),, free
abelian groups, and maps 0,, such that

03 02 o1

CS C(2 Cl Co 0

and 0, : C,, — Cp_1 is a homomorphism with 9,,0,_1 = 0.

Example 2.8.13. Chain groups with boundary homomorphisms are a chain
complex, by Lemma [2.8.11

Definition 2.8.14. We define homology groups to be

_ kero
H’n,(C.) - er n/Iman_,’_l?
where we call ker 9,, n-cycles, and Im d,,4; boundaries. Thus we can say that
homology is cycles mod boundaries. By Lemma [2.8.11] this is well-defined.
In the specific case when C,, = A,,(X), we write H>(X) = H,,(C,), and we
call this simplicial homology.'®

15We’ll show further into this paper that pretty much all the homologies we’ll deal with in
the course agree, so I may become sloppy with denoting the “A.” T immediately become lazy
about referring to the type of homology; while I may or may not write the A, I immediately
start saying “the homology” instead of “the simplicial homology.”
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Example 2.8.15. Let’s compute the homology groups of the wedge of m circles,
m
x=\/s"
i=1
Give X the A-complex with one vertex v and m edges eq,...,ey,. Then

d1(e;) = v —wv =0 for all i. We also see that since {A°} = {v} and {A'} =
{e1,...,em}, we have Ag(X) = Z and Aq(X) = Z™. Then the chain complex is

02y zm 9.7 0,

All maps are the zero map. Thus ker 0 is the whole domain and Im 0 = 0, so we
have

HOA(X) = keraO/Imal = Z/() = 27
HA(X) =kerdyq o =274 =2", and
HR(X) =K 005, = %0 =0

for all n > 2.
We usually like to succinctly sum up our answer at the end:

m Z ifn= 0,
HS (\/ Sl> = Zm ifn=1,
i=1 0 otherwise.

We remark that nonzero homology is stating that there are cycles that are
not boundaries.

Example 2.8.16. Let X = S! x S* and give X the A-complex structure as in
Example We reproduce it below:

Again, 9; = 0, and since there is a single 0-simplex, H{(X) = ker 8%m o, =

Z,=17.
To see Jo, we compute it on each 2-simplex:

02U =a+b—c, and
ObL=a+b—c

Then Imdy = (a+b—c) C A(X) 2 Z*, and ker 0y = (U — L) C Ay(X) = Z*.
We have the chain complex:
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0 03 72 02 73 01 7 9o 0.
Then we have
A _kero VA
HE(X) =59, = /(a+b—c>
:<a’b’a+b_c>/<a+b—c>:<a’b>:Z27

as {a,b,a + b — c} is a basis for Z°.
Further, we have H&(X) =ker02q o ={U—=L) - -1)=1z.
Therefore, we see that

Z if n =0,
Z?  ifn=1
A 1 1y )
HAS"xS)=3 7 ifn—2

0 otherwise.

Proposition 2.8.17. If X is path connected, then H;(X) = Z.16
Example 2.8.18. Let’s compute the homology groups of the Klein bottle. Let
X be the Klein bottle, and we give a A-complex below.

a
v v

a
v v

Since dha = 01b = 01¢ = 0 and we have one O-simplex v, we get HOA(X) =

kera%mal _ Z/O -7
Again we have

83 82 61 8O

0 Vs VA Z 0.

To compute Jo, observe that

h(U)=b+c—a, and
R(L)y=a+b—c

These vectors are linearly independent over Z. This implies that kerds = 0.
Thus H(X) =kerdzq o =04 =0.

16We can actually upgrade this from a Proposition; Theorem that Ho(X) = Z
plus the fact that the homologies agree, Theorem [2.8.54] gives it to us.
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Finally, Im 9y = (b+c—a,a+b—c) = (b+ ¢ — a, 2b) by just adding the two
generators. Thus,

HAX) = (@50 oy
(a,b,b+c— a>/

= (b+c—a,2b)
=720 Zyy,
We conclude that
Z if n=20,
H2(Klein bottle) = { Z®Zy  ifn=1,
0 otherwise.

Now would be as good a time as any to make sure that the homology of a
A-complex is actually useful. In other words, we’d like to make sure it’s topo-
logically invariant. The homology groups shouldn’t depend on the A-complex
structure we give our space. We’ll describe another way to compute homology,
show that it is topologically invariant, and then show that it is the same as our
original way.

Definition 2.8.19. A singular n-simplex is a map o : A" — X.

Definition 2.8.20. A singular n-chain is a finite formal sum of singular n-
simplices; i.e., Zniai.

7

Definition 2.8.21. We call C,,(X) the group of singular n-chains, which is
a free abelian group with basis the singular n-simplices of X. Note that this is
uncountable!

Definition 2.8.22. Then the singular boundary homomorphism is, as
before, 0y, : Cp(X) — C—1(X), now where

Lemma 2.8.23. Regarding the singular boundary homomorphism, 0p_10, = 0.
Proof. Exactly as in Lemma [2.8.11 O

Definition 2.8.24. We define singular homology groups to be

Hy(X) =kt g 000

Theorem 2.8.25. If X and Y are homeomorphic, then H,(X) = H,(Y).
Proof. Simply compose the homeomorphism with the maps o. O

Warning! Singular homology is highly non-computable. There’s really only
one space where we can compute it:
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Example 2.8.26. Let’s compute the singular homology of a point, e. See that
Cr(e) =2 Z for all n, since there is a unique singular n-simplex o, : A™ — e.
Therefore, the boundary maps are

i [0 if n is odd,
an(a’ﬂ) = Z(_l) On-1= { on—1 1if nis even.

Thus the chain complex is

0 ~ 0

~ 7 / / Z

We have alternating isomorphisms and 0 maps.
For n = 0. Hy(e) = Kerdo -4, _7
or n , Ho(e) 1m o 0 .

For n > 1,we see that kerd, = Im9,41, so H,(e) = ker@n/l
ker 8n/ker o, = 0. Thus

moni1

Z if n =0,
Hi(e) { 0 otherwise.

Theorem 2.8.27. If X, are the path components of X, then

Ho(X) = @) Ha(Xo).

Proof. Since an n-simplex A™ is path connected, o : A" — X, for some a.
Thus, Cp,(X) = @ Cn(X4), and 9, respects this splitting. O
[0

Corollary 2.8.28. The singular homology for a discrete set {®4}q is

Z ifn=0,
Hy({ea}) @

0 otherwise.
Theorem 2.8.29. If X # () and X is path connected, then Hy(X) = Z.

Proof. Note that since X is path connected 9y = 0, so Hy(X) = ker aO/Im oy =

CO(X)/Im g,- Define the augmentation map ¢ : Co(X) = Z by (> no;) =
> n;. Since X # (), ¢ is surjective. We will show kere = Im 0.

To see that Im d; C kere, see that if o : A — X where A = [vg,v1], then
cdi(0) = ¢ (0|[U1] - a|[vo]) —1-1=0.

To see that kere C Imdy, for o; : A” — X where A® = [vg], suppose that
e (3. n;0;) = 0. Then we can choose paths 7; : I — X from some base point
xo € X to o;(vp), as X is path connected. Then we can view 7; : Al = X,
and so O1; = 0; — gg. Then &1 (3 nim) = Y njo; — > . n;o0 = Y. n;0;. Thus
kere = Im 0y, as desired. O
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Why was this enough to show the claim? It is because of the following:

Definition 2.8.30. Consider the augmented chain complex:

P o) 22 oix) 2 (X)) —= o Z 0
Snjop —— > ony

The homology of this chain complex is called the reduced homology and is
written H,(X). Note that the only difference between reduced and ordinary
homology is in dimension 0:

Ho(X) = Hy(X) @ Z.

Corollary 2.8.31. f{vo(o) =0.

Definition 2.8.32. Like the fundamental group, if f : X — Y is a map, then
the induced map of singular homology is the homomorphism fy : C,,(X) —
Cn(Y) where fu(o) = fo for all n.

Lemma 2.8.33. fz0% =0Y f4; i.e., f4 is a chain map.

Proof. We again just compute:

f400 = f4 (Z(W Ul[J>

%

O

Equivalently to Lemma [2.8.33] we can say that the following diagram
commutes:

e O (X) 2 (X)) 2 o (x) 2

lf# lf# lf#
On—1

s O (V) 2 () 2 O (Y) 2

Theorem 2.8.34. f4 induces a homomorphism f, : H,,(X) — H,(Y).

Proof. If o € Cp,(X) is a cycle, then da = 0. Thus 0fx(a) = fgda =0, so fx
maps cycles to cycles.

Further, if « € C,(X) is a boundary, then o« = 908, so fu(a) = f408 =
Ofx(B), so fux maps boundaries to boundaries. O
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Again like the fundamental group, we get the following functorial properties
of induced maps:

1. (f9)« = frgs whenever X sy L g

2. (idx). = idp, (x)-

In category theory terms, this shows that H, is a covariant functor from the
category of topological spaces to the category of graded abelian groups.

Theorem 2.8.35. If f ~ g, then f. = g..

Proof. The idea is to construct a homomorphism P : Cy,(X) — C,41(Y) for all
n such that for all a € C,,(X),

9#(@) = fg(a) = 0P(a) + PO(a).

The map here is called the prism operator.

Let f be homotopic to g. Then let F': X x I — Y be the homotopy between
f and g. We define P in the following way:

For n = 0, take a singular O-simplex o : A° = X. Then A? x I = Al and

oXid

we map A® x I 2% X % 1 55 V. Thus P(o) = F(o x id) and we have

OP(o) 4+ PO(c) =0P(0)+0
= 0P(o)
= —f#(0) + 94(0),

as desired. )

For n = 1, take a singular 1-simplex o : A — X. Then h : Al x I oxid,
X x I 5 Y. Note that if o = [vo,v1] = o x {0}, then [wg,w1] = ¢ x {1}, and
h([vo, v1]) = f# (o) and h([wo, w1]) = g4 (o).

Note also that A' x I is not a singular n-simplex, so we decompose the
square A x I as [vg, wp,w1] and [vg, vy, w:].

Then we have

P(o) = F(o x id) — F(o xid)

|[vo,wo,wl] ‘[vo,vl,wl]

|woswoswr] = Plivo,vs ]

and

aP(U) =0 (h‘[vo,wo,wl] - h‘[vo,vl,wl])
= h‘[woﬂﬂl] a h|[vo7w1] + h|[v0’w0] o h|[v1,w1] + h"[vo,wﬂ o h‘[vo,m]
= g#(a) - f#(O') + h|[vo,w0] - h|[v1,w1]

= g#(O’) - f#(O') - hlvertical sides of Al xT
= gu(0) = fy(0) — PO(0).
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For the general case, let 0 : A™ — X be in C,,(X). Then

For example, A% x I decomposes into three tetrahedra.

The key idea is that applying P to a face of o gives the corresponding side
of OP(c) above the face. Thus OP is the top, g4, minus the bottom, fz, minus
the sides, PO, of 0A™ x I. While this can be formally shown, we will take it on
faith that we have constructed such a map P.

P is called a chain homotopy. We claim that chain homotopic maps induces
the same map on homology, which will complete the proof. To see this, let
a € Ch(X) be a cycle. Then gu(o) — fu(a) = OP(a) + PO(o) = OP(a).
Thus, gu(a) — f4(«) is a boundary. We conclude that [gx(a)] = g«([e]) and
[f(@)] = fe([o]) are equal in H, (Y), as desired. O

Corollary 2.8.36. If f : X — Y is a homotopy equivalence, then f. : Hy,(X) —
H,(Y) is an isomorphism for all n.

Proof. The proof follows immediately from the functorial properties of the in-
duced map and from Theorem [2.8.35 O

Example 2.8.37. If X ~ e, i.e., contractible, then I,{vn(X) = 0 for all n.
Definition 2.8.38. An exact sequence is a sequence

G I Gy I I

such that Im f,, 11 = ker f,.
If we have 0 - A — B — C — 0 exact, we call it a short exact sequence.
A long exact sequence is an exact sequence of infinite length.

Proposition 2.8.39. If X is a space and A C X is a subspace such that there
exists U C X open that deformation retracts onto A, then there exists a long
exact sequence

s Hy(4) — s Ho(0) —— 1, (¥y)

ST S

—_~— s~

Hy 1 (A) —= Hy (X)) ——— -

i.e., Imi, = ker j,, Imj, = ker 9, and Im 0 = ker i,.

We remark that though we don’t prove Proposition |2.8.39| here, the tools
built up with relative homology do the trick. See Theorem [2.8.50

Corollary 2.8.40.
=~ Z ifk=n
n )
Hi (") { 0 otherwise.
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Proof. We use Proposition [2.8.39| with (X, A) = (D", S""1). Then X/A =
Dn/sn—l = S5".

Since Hy(X) = Hp(D"™) = 0 for all £ by Example [2.8.37] we have the
short exact sequences

T

02 j{Vk(X/A) LN ?I:(A) —— 0
We see that when we have an exact sequence of the form 0 - A — B — 0, then
A=B.

Since the sequence is exact, Im(A — B) = ker(B — 0) = B, so
A — B is surjective. Furthermore ker(4 — B) = Im(0 — A) =0, so
A — B is injective. Thus A — B is a bijective homomorphism, i.e.,
an isomorphism.

Therefore, Hy,(S™) = E;::(S”fl). Since

e Z if k=0,
Hi(S ){ 0 otherwise,

induction proves the corollary. O

Now we can prove an old theorem for the more general case. We recall
Brouwer’s Fixed Point Theorem [1.55.6; we now show it holds for any
n > 2.

Theorem 2.8.41 (Brouwer’s Fixed Point Theorem). Any continuous map
f: D™ — D" has a fized point.

Proof. Suppose not. Then there exists a retraction r : D™ — S™~!. This gives

Z=H, (5" - Hya(S"71) =Z
\ Hy (D) =0 /
This is a contradiction. O

Definition 2.8.42. If A C X, define the relative chain groups to be
Cu(x, 4) = ),

We won’t use this for a while, but if X is a A-complex and A is a subcomplex,
we can also define relative chain groups here:

An(X,A) = A"(X)/AR(A)

Definition 2.8.43. Since 9(C,,(A)) C C,,—1(A), we get an induced chain com-
plex
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s O (X, A) 2 Ou(X,A) 2 0 (X, A) 2
Thus we can define relative homology to be

]{n()(7 A) — ker 8n/1m 8n+1'

And we can do the same for A-complexes:

Hﬁ(Xv A) = keran/hn 8n+1'

We remark that in relative homology, ker 0 are the relative cycles; i.e., the
a € Cp(X) such that 0« € C,,_1(A). Furthermore, Im 9 are the relative bound-
aries, which can be thought of as a € C,(X) such that « = 98 + v where
B € Cpy1(X) and v € C,(A4).

We return to Proposition [2.8.39] suitably restated in the language of
relative homology:

Theorem 2.8.44. If (X, A) is a pair with A C X, then there exists a long exact
sequence

e Ho(A) — s Hy(X) —L s Hoy (X, A)

e~ e~

Hy 1(A) —— Hy, 1 (X) —— -
Proof. This follows from the short exact sequence of chain complexes:

00— Co(A) — 5 Co(X) —L— Cu(X,A) —— 0
H H

P c.(4) P cn(x) Pc.(x, A

Call this exact sequence 0 — Ay — Be — Cy — 0. Then the following diagram
commutes:
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We get i : Hy,(As) — H,,(B,) induced from the chain map i and j. : H,(Bs) —
H,(C,) induced from the chain map j. We just need d now. A nice remark for
algebraists is that what follows is just the Snake Lemma.
Let’s define 0 : H,(Co) — Hy,—1(As). Let ¢ € C, be a cycle; i.e., dc = 0.
As j is surjective, there exists

a Ap—1 b € B, such that j(b) = ¢. So

I 9b € B,_y and j(9b) = 9j(b) =

9(c) = 0. So 0b € kerj = Imji,

br———— b ! so Ob = i(a) for some a € A,_;.
Now, da = 0 if and only if

B,— 2 B _| i(0a) = 0, as 7 is injective, since

keri = 0. But i9(a) = 9i(a) =

lﬂ 0%(b) = 0, as this is a chain

c c, complex. So a is in fact a cycle,

and thus we define 9[c] = [a].
We now must ask: is this well-defined? We had to choose ¢, b, and a, so we
hope that our definition doesn’t depend on those choices. We answer yes. To
see this,

e ¢ is uniquely determined given 9b, since i is injective.

o If j(b) = j(V'), then j(b — ) = 0, since j is a homomorphism. Thus
b—1b € kerj = Imi. Therefore b/ = b+ i(a’) for some o' € A,. Then
i(a 4+ 0a’) = i(a) + di(a’) = Ob+ (b —b) = O'. As [a] = [a + 0d'],
changing b doesn’t affect 0.

e If we replace ¢ by ¢ + 9¢/, then we have ¢ + d¢’ = ¢ + 9j(V’) for some
b € Bpi1. Soc+ 0j(b') =c+ j(00') = j(b) + j(0b') = j(b+ V'), and as
(b + 0b') = 0b, changing ¢ in [c] doesn’t affect 0.

To confirm that the sequence is exact is just diagram chasing, so we defer it. [

We describe the geometric sense of 0 : H, (X, A) — H,_1(A), as we did for
relative cycles and relative boundaries. Let [a] € H, (X, A) be represented by a
relative cycle a € C,(X). Then 9[q] is the class of da € Cy,—1(A).

Proposition 2.8.45. The relatzve reduced homology is isomorphic to the rela-
tive homology; i.c., H, (X,A) 2 H,(X, A) for all n.

I

Lemma 2.8.46. Let X be a space and xo € X be a point. Then I;T;L(X)
Hn(X, xo).

Proof. Using the long exact sequence of Theorem [2.8.44] since m(mo) =
for all n, we have 0 — H,, (X) — — H, (X, 20) — 0 for all n. Then H,(X)
H,(X, ). By Proposition [2.8.45| H,(X) = H, (X, x,), as desired.

Omo

Proposition 2.8.47. If f,g: (X, A) — (Y, B) are homotopic through maps of
pairs, then f. = g. : H,(X, A) — H, (Y, B).
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Proposition 2.8.48. Analogous to a pair (X, A), if given a triple BC AC X,
then the short exact sequence

0 —— Co(A,B) —— Co(X,B) —— Co(X,A) —— 0

gives rise to a long exact sequence

- — H,(A,B) —— H,(X,B) —— H,(X,A)

< T

H, (A,B) —— H, 1(X,B) —— ---

Theorem 2.8.49 (Excision). Given Z C A C X such that Z C Int(A), then
the inclusion (X \ Z, A\ Z) — (X, A) induces isomorphisms H,(X\ Z, A\ Z) —
H,(X,A) for all n.

Equivalently, one may say that for A, B C X where X = Int(A) U Int(B),
(B,AN B) — (X, A) induces isomorphisms H, (B, AN B) — H,(X, A) for all
n. (To see the equivalence, let B =X\ Z.)

Proof. Let U = {U,} be the collection of subsets of X such that X = JInt(U;).
Then C,,V C C,,(X) is the subgroup of n-chains 3" n;o; where, for all i, o;(A™) C
U, for some j. C,Y are the n-chains relative to the cover U.

See that with 9, we have a chain complex:

C— C’nHU(X) -2, CnU(X) -9, Cn,lU(X) _—
Then we can define the homology relative to the cover,

HnU(X) — ker 8%m 8n+1'
We remark now that the inclusion map ¢ : C,” (X) — C,,(X) induces
an isomorphism ¢, : H,Y(X) — H,(X). Specifically, there exists a
map p : Cp(X) — C,Y(X) such that po = id and vp is chain homotopic
to id. The proof is technical, requiring barycentric subdivision. The
general idea is that, given e.g. a singular 2-chain in A U B, we can
subdivide the triangle so that it is a union of smaller triangles such
that every triangle is entirely in A or B. We take this claim on faith,
and continue the proof of excision.

Suppose U = {A, B}; i.e., we prove the equivalent version stated in the theorem.
Then the maps ¢, p, and the chain homotopy all send chains in A to chains in
A, so we get induced maps on the quotients:

. Y (x C, (X
i.e., induced from ¢, we have ( )/C'n(A) — ( )/Cn(A)'
The induced maps give an isomorphism on the level of homology; in other words,

H,Y(X,A) = H,(X,A). We remark that Cn(B)/Cn(A N B) describes chains
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G (X)

in B whose image is not in A, so since Cn(B)/Cn(A N B) — /C’n(A)
is an isomorphism, as both are free, with basis singular n-simplices in B with
image not in A, we get that H,(B, AN B) = H,Y (X, A), as desired. O

Theorem 2.8.50. Suppose A C X is closed and there exists U C X open that
deformation retracts onto A. Then the quotient map q : (X, A) — (X/A, A/A>

induces isomorphisms H, (X, A) = H, (X/A, A/A> ~H, (X/A>.
We remark that this is enough to prove Proposition [2.8.39

Proof. We use excision. Consider the diagram; we claim it commutes:

Ho(X,A) ——— H (X, U) +—=8n g (X\AU\A)

~

zlq* zlq* lq*
Ho (%04 0) — Ha (N0 W) 2 1, (X a\ A0 Ua\ Y a)
Consider the triple A C U C X. Then we have

H,(U,A) — H,(X,A) — H,(X,U) —— H,_1(U, A).

As (U, A) has the same homotopy type as (A, A); i.e., (U, A) ~ (A, A) since U
deformation retracts onto A, we have H, (U, A) = H,(A, A) = 0.
Thus what remains is

0 — H,(X,A) — H,(X,U) — 0.

Therefore H, (X, A) = H,(X,U).
Thus our diagram is now

Ho(X,A) —= 5 H (X, U) =8 g (X\AU\A)

long exact ~

Zlq* zlq* lq*

H (X4 0 ot (N W) #22 m, (Y \ A0, Ua\ )

long exact

All that remains to be seen is that the final ¢, is an isomorphism. To see
this, since ¢ : (X \ A, U\ 4) — (X/A \ A/A, U/A \ A/A) is a homeomorphism,

therefore the map ¢, : H,(X \ A,U\ 4) —» H, (X/A \ A/A, U/A \ A/A) is an
isomorphism.

Thus everything is an isomorphism, and the diagram commutes, as claimed.
O

Corollary 2.8.51. Let (D™,0D™) be the pair of an n-disk and its boundary
(i.e., S"~1). Consider (D™, 0D") as (A™,0A™). Recall from Corollary
that Hy, (A", 0A™) = Z. We claim that the identity map i, : A" — A" €
Cn(A™) is a cycle that generates H,(A™, 0A™).

142



Proof. Since 9i,(A™) C QA™ and we are using relative homology, we have 4, is
a relative cycle, as claimed.

To show that i,, is a generator for all n, we proceed by induction on n.

For the base case, let n = 0. Then there exists a unique map AY — A°, so
the claim is true.

Now, for the inductive step, assume the claim holds for n — 1; we show it
holds for n. Let A C 9A™ be the union of all but one (n — 1)-dimensional face.
Now consider the triple A C 0A™ C A™.

We have via Proposition that H,(A™ A) = H,(A,A) = 0, as
(A™ A) ~ (A, A) via deformation retraction. We also have H,_1(A™ A) =0
induced by including i,,_; : A"~! — @A™ in the face not in A. Thus we have

0= Ho(A", A) — H,(A",0A") — H,_1(0A™, A) — H,_1(A",A) = 0.

Therefore H, (A", 0A™) = H,,_1(0A™,A).
Further, we have H,,_1(0A™, A) = H,,_;(A"~1 9A™"1), since we know that

n—1 n
A /aAn—l :Sn_l :8A /A
Ultimately, H, (A", dA™) = H,,_1(A"~ 0A"~1). By inductive hypothesis,
we therefore conclude that 4,, — i, = +i,_1 € Cp,_1 (A" 1), O

Definition 2.8.52. Given a map of pairs f : (X, A) — (Y, B), we say that the
long exact sequence is natural'” if the following diagram commutes.

oo —— Hy(A) —— H,(X) —— H,(X,A) —— H, 1(4A) —— ---

I |~ | |~

- —— H,(B) — H,(Y) — H,(Y,B) —— H, 1(B) —— ---

Proposition 2.8.53 (Five Lemma). If we have two exact sequences; i.e., each
row of the following diagram is exact:

A B, Cy D, By
I
Ay By Cy Dy Es

then if «, 8,6, € are isomorphisms, then so is 7.

Now recall that we defined relative homology of A-complexes back in Def-
inition [2.8.43] We're finally going to use it! Our goal is to show that our
homology theories are the same; i.e., that Ho(X) and H2(X) are isomorphic.

17Naturality is such a common term in mathematics that general definitions may not be
referring to this specifically, but in context, naturality usually means “niceness” in terms of
properties that you want, and/or that diagrams commute.
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Theorem 2.8.54. Consider the map [ : A, (X) — Cn(X) defined by sending
a simplex A, C X to its characteristic map o : A™ — X.

This map sends A, (A) to C,(A), so it induces a chain map from relative
simplicial complezes to relative singular chains Ap (X, A) — Cp(X, A). Hence
it induces a map on homology f. : H> (X, A) — H, (X, A).

We claim f. is an isomorphism.

Proof. Suppose first A = (). Then consider the pairs (X*, X*~1). We have

H g (X8, X0 5 HMXPY) 5 HMXF) » Hp (X8, XEY) 5 H2 (X

g 5 | I |

Hp (XF, XF=1) 5 Hy(XE-1) o H,(XF) = Hy (X XF1) 5 H,_y(XF1)

We could see that maps 2 and 5 are isomorphisms by induction; the base case
when k£ = 1 and hence X = e is easy.

Now, let’s consider maps 1 and 4. Consider the relative simplicial chain
groups A, (X*, Xk=1). We see that A, (X*, X¥=1) = 0 when n # k, and when
n = k, it is a free abelian group with basis of k-simplices. From this we can
complude that H2(X*, X*~1) has the same description; 0 when n # k and free
abelian when n = k.

Next,

k k
X ypr =118 oAk,
k
-\Ve Vonk,
= \/ska

— k
From this we can conclude Hn(Xk, Xk_l) =~ f, (\/ A O‘/aAk ) Now we see
[0

that
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7, (122", ) (1% =0 (it n £ 0

{
H, <H Ak“/aAka)
1
Hy, (U Ak"/aAkaanAk“/aAka>
1
mo (U0 ) = HIe) =00 -120)

Thus we can see that if n # 0,1, then

H, <H Aka/aAka) = Hy (H Ak“/aA’“a’ HaAk“/aAka) :

Further,
—~ Ak —~ Ak
Hy (H "“/aAka) =D Hn ( “/aAka>

= P Ha (A, 0A%,).

So we conclude that H, (X" X*~1) = @Hn(Aka,aAka). In other words,
«

H, (X%, X*~1) is free abelian with basis k-simplices, and each H, (A, 0AF,)
in the direct sum is generated by identity maps. But that was exactly the sim-
plicial homology! Therefore, maps 1 and 4, H2(X* X*~1) — H,(X*, Xk-1),
are isomorphisms as well.

By the Five Lemma map 3, H>(X*) — H,(X*), is an isomor-
phism. Therefore, in the case that A = (), we are done!

The case when A # () is actually easy now. We see that

H}A) » H(X) » Hp(X,A) » Hg 1 (A) » H 4 (X)
bl ool
H, — H,(X) > H,(X,A) » H,_1(A) > H,_1(X)

We have already shown in the A = ) case that maps 1, 2, 4, and 5 are isomor-
phisms, so again by the Five Lemma [2.8.53] 3 is. We are done! O

From Theorem [2.8.54] we can conclude that H3(X) = H,(X). Hooray!

Corollary 2.8.55. If X is a finite A-complex, then H, (X) is finitely generated
for all n, and H,(X) =0 for n > dim(X). Thus H,(X) = 2’ & G, where G
s a finite abelian group.
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Definition 2.8.56. The number b, such that H,(X) = Z* @ G is called the
nth Betti number of X.

Definition 2.8.57. The degree of a map f : S™ — S™ is the integer d such
that f.(a) = da for all « € H,(S™) = Z. We write deg(f).

Lemma 2.8.58. The degree has the following properties:

1.

7.

2
3
4.
5

. deg(f) = —1 if f is a reflection across a subsphere S"~'; e.g. fix the

fg) = deg(f) deg(g),

equator S1 of S? and f interchanges the two hemispheres,

if f 8™ — 8™ is the antipodal map (i.e., f(x) = —x), then deg(f) =
(—=1)"*L, and

if f(z) # x for all z € S™, then deg(f) = (—1)"*1.

Proof. Let’s go in order:

1.

2.

To see deg(ids~) = 1, we see that (idsn).« = idg, (sn) and idg, gn)(a) =
a=1la,s0d=1.

To see deg(f) = 0 if f is not surjective, we see that if xg & f(S™), then

we can factor f through the complement:

f:8" EENg \ {zo} <% §™, and on the level of homology,
ot Ho(S™) 225 1 (87 {m0}) <5 H,(S™),

But H,(S™ \ {zo}) is 0 because S™ \ {zo} is contractible (Example
[2.8.37). And the zero map clearly has deg(0) = 0.

To see deg(f) = deg(g) if and only if f ~ g, we see that in one direction
f ~ g implies that f. = g, so deg(f) = deg(g). The other direction is
highly nontrivial, but if you want to hunt down a reference, Hopf proved
it in 1925.

. To see deg(fg) = deg(f) deg(g), we see that (f¢)« = fvg«. Thus deg(fg) is

the d such that f.g.(a) = fi(dga) = dydgasie., d = dyd, = deg(f) deg(g).

Also we remark now that this implies that if f is a homotopy equivalence,
then deg(f) = £1, since fg ~ id implies deg(f) deg(g) = deg(id) = 1.
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5. To see deg(f) = —1 is f is a reflection across a subsphere S"~!, we see
that

S = A" 1 U Ang
OA™ 1 =0A"y

implies that 0 # [A"; — A"] € H2(S™) = H,(S™). Then f.([A"; —
A"]) = [ATy — A™q] = —[A™] — A",

6. To see if f : S™ — S™ is the antipodal map, then deg(f) = (—1)"*!, we
see that f is the composition of n + 1 reflections; i.e., f: (1, ..., Tpy1) —
(=21, %2, .., Tpy1) = (=1, =2y ey Tpg1) = oo = (=21, —T2, oo — Tpg1).
By 4. and 5., deg(f) = (—1)"*L.

7. To see if f(z) # x for all z € S™, then deg(f) = (—1)"*1, we see that it
must be the case that f is homotopic to the antipodal map, and thus by
3. and 6., we have it. We give the explicit homotopy:

(1 =t)f(z) — ta]
(1= t)f(x) — ta|

This is well defined since (1 —¢)f(x) — tz # 0. At time ¢ = 0, we have f,
and at time t = 1, we have the antipodal map. O

fi(x) =

Theorem 2.8.59 (Hairy Ball Theorem). S™ has a continuous nonzero tan-
gent vector field if and only if n is odd.

Proof. If n = 2k — 1, then we explicitly give it: v(x1,22,...,Tog—1,T2k) =
(—1‘2, L1y, —T4,T3y..., — T2k, :Cgk,l).

Conversely, suppose v(x) is a nonzero tangent vector field on S™. Normalize
it so that |v(z)| = 1. Then fi(z) = (cost)x + (sint)v(x) lies in the unit circle of
the plane spanned by x and v(z) (well-defined since v(x) is tangent). As t goes
from 0 to m, we get a homotopy from the identity map to the antipodal map,
which implies (—1)"*! = 1; i.e., n is odd. O

Lemma 2.8.60. If n is even, then Zs is the only group that can act freely by
homeomorphisms on S™.

Recall Definition [2.6.13} an action of G on X is a homomorphism G —
Aut(X). The action is free if the homeomorphism corresponding to every non-
trivial element of G has no fixed points.

Proof. We remark that since a homeomorphism must have degree +1, degree
defines a homomorphism from G — {—1,1}. Since the group acts freely, there
are no fixed points; hence deg(f) = (—1)""! by number 7. in Lemma
If n is even, deg(f) = —1, and the kernel of G — {—1, 1} is trivial; thus G C Zs,
so G = Zo or G is trivial. O
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Now a question to ask is: how do we compute the degree of a map in general?
To answer this question, we fix a y € S™ such that f~1(y) = {z1, ..., Zm }.
Then there is a neighborhood U; of each x; in the preimage of y such that
FUi\ {z:i}) € V\ {y}; i.e., there is only one z; in each U;. We remark that
(Ui, Ui\{z:}) ~ (D™, 0D™). Then we have the following monster of a diagram:

excision

~

&
excision
~

H, (8", 8"\ {2:}) 45— Ha(S™,5"\ f71(y)) —" H,(S"

~

long exact

<
long exact

H,(S™) L H,(S™)

The maps k; and p; are induced by inclusion, hence the triangles commute.

The two isomorphisms from excision can be verified using Excision
where X = 8™ A= 5"\ {e}, and B is U; or V minus the respective point.

The two isomorphisms from the long exact sequence can be computed similar

to Corollary Briefly, we have
Hn(UZ) — Hn(Ui, Ui \ {l‘l}) — Hn—l(Ui \ {xl}) — Hn—l(Ui)~

We recognize H,(U;) = H,_1(U;) = 0 and U; \ {x;} ~ S" 1, so H,(U;,U; \
{@i}) = Hya (S771).

These isomorphisms cause the triangles and squares to commute. From this
we can conclude the top homomorphism f, : H, (U;, Ui\ {x;}) = H,(V,V\{y})
(f« : Z — Z) is multiplication by an integer; i.e., f(a) = da.

Definition 2.8.61. We call this top map fi : H,(U;, U; \ {x;}) = Hp(V,V \
{y}), i.e., f: Z — Z, defined by f(a) = da, the local degree of f at z;. We
write deg(f)],,-

Theorem 2.8.62. deg(f) = Z deg(f)|,,-

Proof. Since H,(S™,S™\ f~1(y)) = H,, (UU;,UU; \ {;}) by excision (let X =
S, A= S" \ fﬁl(y), and B = S" \ UUi), and H,H, (UUz,UUZ\{l‘z}) =
®H,(U;,U; \ {z:}), and k; in the diagram above is just inclusion of the ith
summand, we have p;5(1) = 1. Thus j(1) = (1,1,...,1) = > k;(1). Therefore
considering the middle map f, : H,(S™, S\ f~1(y)) = Hn(S™ S"\ {y}), we
have f. (3_ki(1)) = >_ deg(f)|,,- Therefore, considering the bottom f. map,
deg(f) = f«(1) = 2 deg(f)],,, as claimed. D
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Proposition 2.8.63. If f: C— C is a polynomial, there is a map f: cC— C
where C'is the Riemann sphere (i.e., we may think of f : S* — S2.

Then deg(f) = deg(f) (typical polynomial degree), and if f(z) = 0, then

deg(f)‘ is the multiplicity of the root.

Example 2.8.64. Let f: St — S! be z +— 22. Then we see deg(f) = 2. Let’s
also show it.

The quotient map o : I — I/E)I = S generates Hy(S') = Z. Thus fo wraps
the interval I twice around S*. We need to show that fo is homologous to 20
as singular cycles.

To see this, there exists a singular 2-chain ¢ = Y n,02 with 96 = fo — 20.
It’s a pair of pants.

Lemma 2.8.65. If X is a CW-complezx, then

1. Hp(X™, X"71) is zero when n # k and free abelian with basis the n-cells
of X when n =k,

2. Hy(X™) =0 for k>n, and

3. the inclusion ¢+ : X" — X induces an tsomorphism on homology L :
Hp(X™) = Hy(X) for k <n.

Proof. Let X be a CW-complex.
1. By excision, Hy (X", X" 1) = H, (X”/anl). Then Hy, (X"/anl) =

Hy <\/ S”a>, where the wedge is indexed by the n-cells in X. But

H;, (\/ S’”a> = @Za, as claimed.
2. If k > n, then we have the excision exact sequence
com H (XY = Hp(X™) — Hp(X™, X" — -

Since k > n, we know that Hg(X" ') = 0 via induction, and we have
Hyp(X™, X""1) = 0 by above. So we have 0 — Hy(X) — 0, so H(X) = 0.

3. If X is finite dimensional, then if k #% n and k # n + 1, then
0= Hp 1 (X" X"™) = Hp(X™) = Hp(X™) — Hpy (X" X™) =0

Thus if k < n, Hp(X™) = H(X"1) since k # n,n+1. Then Hy(X"*1) =
Hy(X"™*2) since k # n + 1,n + 2. Continue in this way, and we conclude
that Hy(X") = ... 2 Hp(X"t™) = Hi(X) for some m.

If, however, X is not finite dimensional, then any singular chain has image
contained in a finite skeleton. Then we can string together protions of the
long exact sequences for (X1, X™), (X" X"~ 1) and (X", X"~2) into
the following diagram:

149



i

Hoa (X741, X7) 0= H,(X")
e
o Ho(X™)
Hy 1 (X"2) =0 H, (X7, X7 1) Ho (X)) 2 H,(X)
— J T
HW'71<XW—1) i dy, 0= Hn(X"JH,X")
Hn,1(X"71.,X"72)
Since the diagram commutes, d, = j,_10,. We claim that d, is a

boundary homomorphism, i.e., that d,d,+1 = 0. To see this, we have
dndnt1 = jn-10nJn0On+1 = jn—100p+1 = 0, since 0,,j, is 0 because it is
two successive maps from the long exact sequence for (X™, X"~ 1). O

Thus, we have a chain complex, and we can define:

Definition 2.8.66. We define cellular homology to be the homology on the
chain complex whose chain groups are H,,(X™, X"~ !) and whose boundary maps
are d,, : Hy,(X™, X" 1) — H, (X" !, X""2) as above. Thus we write

HEW (X) =kerdng g

Theorem 2.8.67. Our new homology theory agrees with the others; i.e., we
have that HSW(X) = H, (X).

Proof. We have H, (X) = Hy, (X”)/Im Ot since, in the above strung-together
diagram, the long exact sequence string that runs down and right is:

Hypoy (X7, x7) 290 [ (X7 = Ho(X) = 0.

Now H"(Xn)/hn Ot is exactly elements of H,,(X") that are not in Im 9,41,

which, since the sequence is exact, is exactly the elements that get sent to
H,(X), since elements in Im 9,41 get sent to 0. Thus we do have H,(X) =

Ha (X"

Now, again referring to the diagram above, as ker j,, = Im(0 — H,(X")) =
0, Im 8,41 is mapped surjectively onto Im(j,0,,1+1) = Imd,, 11, and H,(X™) is
mapped isomorphically onto Im j,, = ker 0,,.

And since ker j,_1 =0, ker 9,, = kerd,.

H,(X™) ~, kerd

Therefore, j, induces an isomorphism m Opir “Im A1’
O

and the homology theories are isomorphic.

Note the following factorization:
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n-cells + (n — 1)-cells

];]'n(‘Xn7 Xn—l) dn Hn(Xn_l, Xn—2)
o —
Hn—l(Xnil)
. n SQn-{-l
Example 2.8.68. We claim a CW structure on CP" = » ~ )y Where
AN =1,A€Cisc®Ue?uU..ue?.
Therefore, the cellular chain complex is
o= 0=20=- Z —=0-— Z - = Z —=0—= Z =0
(dim 2n) (dim 2n — 2) (dim 2) (dim 0)

Thus every homomorphism dj must be the zero map, so

Z ifk=0,2,..,2n,

ny _ kerd —
H,(CP") = k/lmdk+1 - { 0 otherwise.

Let’s explore the boundary maps d, of cellular homology more explicitly.
We’d like to be able to compute them.

First, for do : Ho(X°,0) = Ho(X°) = Cy(X°) — 0; we see this must be the
zero map.
Next, for dy : Hi (X', X%) — Ho(X%,0) = Ho(X?) = Cp(X?), this is the
same as the simplicial boundary map A;(X) 1IN Ap(X).
Now, for n > 1, we claim that d,(e",) = Zdagenflg, where d,g is the
B

degree of the map A,z : "1, — 8" 15, as set up below:

Let D", = S" !, 2% X1 where 0o 1 OD™, — X" ! be the attaching
map and let &, : D", — X be the characteristic map.

Then we have

n—1 n—1
Aaﬂ : Sn_la LP—G> )(n_1 i) X /Xn—Q ﬁ) X /Xn—l \€n_15 = Sn_lﬁ.

We remark that ¢ is the obvious quotient map, that X n_l/Xn—z is just a
wedge of spheres, and that ¢f is the collapse of the complement of a cell e" ™14
to a point.

Thus the composition A,g is the map such that deg(Aqg) = dag.

To see this claim, consider the commutative diagram:

[D"]  Hu(D",dD"s) —2= Hp 1(9D") 2% (57 1)

Ji J(%)* l(eoa)* (qﬁ)*T

. —~ ~ n—1
e Hn(X”,Xn_l) L) anl(Xn_l) L H (X /X”_Q)



The map H, (X" !, X"n=2) = H (Xnil/Xn—Q) is an isomorphism by excision.
The map (¢5)« is just projection onto the Sth summand.
Then dp(€"a) = j(¢a):0[D"a] = j(¢a)«[0D"a], and so (¢B)«dn(e"a) =
(Aaﬁ)*[aDna]~
Now, how do we actually use this to compute cellular homology?

Example 2.8.69. Let S, be the orientable surface of genus g. Then we have

0 oz By oz 4 g

one 2-cell 2g 1-cells one 0-cell

d
= 0.

Then dy is the zero map. Also, d; is the zero map, since there is a single 0-cell.
29
Finally dy is also zero, since the map 0D? — X! = \/ S, crosses each S%;
i=1
factor with local degrees 1 and —1, so the total degree is 0.
Therefore, since all the maps are the zero map, we have seen that the ho-
mology is the same as the chain complex:

Z ifn=0,2,
H,(S,) = Z* ifn=1,
0 otherwise.

Example 2.8.70. Let N, be the nonorientable surface # RP2. Then we have
g
the chain complex

d d d
AR == 0.

one 2-cell g l-cells one 0-cell

= 0=

Then dj is the zero map, d; is the zero map since there is a single 0-cell, and
we see that da(1) = (2,2, ...,2), since each S!; factor is mapped on with local
degrees 1 and 1, so the total degree is 2. Therefore, ds is injective.

Now, since (1,0,...,0,0),(0,1,...,0,0),(0,0,...,1,0),(1,1,...,1,1) is a basis
for Z9, we see that

Hi(Ng) =X 000, = 202, 20y = 207 0 2

Therefore,
Z if n=0,
H,(Ny)={ Z9'©Zy ifn=1,
0 otherwise.

Example 2.8.71. Let X = S, v '} Uy D?, 1T D?;, where the attaching f
takes the boundary of D?; to a®b~2 and the boundary of D%y to b(ab)~2.
Then the map dy : Z* — Z? taking 2-cells to 1-cells is given by the matrix

a=[% 7]



and det(A) = —1, which implies that A is invertible over Z. Thus dy is an
isomorphism. This implies kerds = 0, so Ha(X) = 0, and kerd; = Imds, so
H{(X)=0.

Thus we can conclude that H;(X) = 0 for all i (using reduced since Hy(X) =
Z). Such a space X is called acyclic when its reduced homology vanishes.

We know another acyclic space is a point, so homology cannot tell the differ-
ence between this space and a point. However, this is not a point; X is neither
contractible nor simply connected!

To see this, we can use Van Kampen’s Theorem to get m(X) =
{a,b| a®b=3,b%(ab)~2). Now let G = Ajs be the group of orientation preserving
symmetries of a regular dodecahedron (D12). Then let p = %” correspond to
rotation through the center of a face, i.e., (12345) € As. Also p, = %ﬂ is rotation
around a vertex, (254) € As. Then p,pp is rotation by 7 through the midpoint
of an edge, (12)(34) € As. Therefore, the relations id = (pa)® = (pp)> = (paps)?
imply that there is a homomorphism f : m(X) — G, sending a — p, and
b — pp, which is surjective, since p, and p, generate G.

But it can be seen that 71 (X) is not the trivial group! In fact, ker f = Z,.
Thus |71 (X)| = 120 as |As| = 60.

This space is called the Poincaré dodecahedral space.

Example 2.8.72. Let X = T2 = S x S! x S'. See the two pictures, one which
shows how to identify edges and one showing how to identify faces:
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Then we have one 3-cell, three 2-cells A, B, C, three 1-cells a, b, ¢, and one 0-cell,
the vertex. The cellular chain complex is therefore

0525728 2,728,750

Then d; is the zero map, because there is a single O-cell, dz is the zero map,

because in each face there are the same number of edges oriented positively as

negatively, and d3 is the zero map, because there are three maps A,z : 0D3 =
2

§? 452D 5 D2, that differ by a reflection; each of the three maps has

local degrees 1 and —1 as two pieces differ by reflection.

e ———————— @
° O
O —- °
[ ] [ ]
Since the dis are all the zero map,
Z ifn=0,3,
H,(T* ={ Z* ifn=12

0 otherwise.

As a quick aside, check out the awesome Pascal’s triangle relationship:

T =8t 0 Z 0
T2 = St x St 0 Z VA Z 0
T3=81x8'xS: 0 Z VA VA Z 0

Example 2.8.73. Now let K be the Klein bottle and consider the space K x S*.
We give the two pictures again:
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/\ /
el

B
The cellular chain complex is as before;
0525728 2,722 %7 50

We have d; is the zero map because there is a single 0-cell. Then see that
d2(A) = 0, do(B) = 0, but d2(C) = 2b. Finally, d3(e?) = 2A, since that face
differs by rotation, not reflection. Therefore, we have

Z ifn=0,
ker d A _ 2 P
B sy =] Mmdy= Ay =F 0% =,
" ) k _ ((AB _ TN
erdZ/Imds = << ) >>/<<2A>> =Z D7 1fn—2,
0 otherwise.

2.9 Section 9: The Euler Characteristic

Definitions: Euler characteristic
Main Idea: We define the Euler characteristic and show that it is a topological
invariant.

Definition 2.9.1. If we have a finite dimensional CW-complex X, then we
define the Euler characteristic of X, x(X), to be the alternating sum over n
of the number of n-cells in X; i.e., if ¢, is the number of n-cells of X, then

It’s not immediately clear that this is independent of the topology on X.
However, we know that homology is topologically invariant by Theorem [2.8.25
so the following theorem does it for us:

Theorem 2.9.2.

X(X) = (~1)" rank H, (X).

n
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Proof. Consider the cellular chain complex
0= Cr 25 Cry — .. 2 Cp — 0.
We get short exact sequences
0 — kerd, — C),, — Imd,, — 0;

thus rank C,, = rank ker d,, + rank Im d,,. (This is just the Rank-Nullity The-
orem.)
Now, as we have a chain complex,

0 — Imd,41 — kerd,, — H,(X) — 0

is exact as well, so rank ker d,, = rank H,,(X) + rankIm d,, ;1.
Therefore

Z(—l)" rank C,, = Z(—l)” (rank H,,(X) 4+ rankImd,,+1 + rank Imd,,)

n

= Z(—l) rank H,,(X)

via telescoping. Thus we have it. O

Example 2.9.3. Since S, has one O-cell, 2g 1-cells, and one 2-cell, x(Sq) =
1-29+1=2-2g.

Example 2.9.4. N, has a single 0-cell, g 1-cells, and one 2-cell. Thus x(V,) =
l-g+1=2-g.

2.10 Section 10: Homology II: Mayer-Vietoris, Homology
with Coefficients

Definitions: Heegaard splitting, homology with coefficients

Main Idea: Mayer-Vietoris computes homology by decomposing your space

into nice subspaces, just like Van Kampen for the fundamental group. Homol-

ogy with coefficients serves to give more information if using Z isn’t enough;
i.e., using Zo for nonorientable spaces.

Mayer-Vietoris is the Van Kampen analogue for homology.

Theorem 2.10.1 (Mayer-Vietoris). If X = Int(A)UInt(B), then the Mayer-
Vietoris sequence,

-— H,(ANnB) —— H,(A)® H,(B) —— H,(X)
S

H, (ANB) —— H, 1(A)® H, 1(B) — ---
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s exact.

Proof. We're going to be short and sweet in this proof. It follows from the short
exact sequence of chain complexes:

0= Co(ANB) % Cp(A) & Co(B) % YV (X) >0

where U = {A, B}, so C,Y are chains in X of the form &4 + &g for €4 € Cn(4)
and &g € Cy(B).

Now, ¢(x) = (z,—z) and ¢(x,y) = x + y clearly is exact.

Earlier in the proof of Excision [2.8.49| we saw C,,¥ — C(X) induces an
isomorphism on homology.

The boundary map is 0 : H,,(X) — H,_1(ANB). To define it, represent an
element a € H,(X) by a cycle z +y € C,Y(X), where 2 € A, y € B. Then we
do the Snake Lemma again:

ox Ch_1(ANB)
() ¢ <am,lay>
Co(A) & Cp(B) : Cr-1(A) @ Cp1 (B)
RSN

Now, 2 and y might not be cycles, but 9x = —3dy, so da = [0z] € H,—1(ANB),
well-defined as last time. O

Note that if X = AU B and A and B are deformation retracts of open
sets, then Mayer-Vietoris [2.10.1] still holds; A and B need not be open sets
themselves.

Example 2.10.2. Let S™ = D", U D"_. Then using Mayer-Vietoris, since
Hk(Dn+) (&) Hk(Dn,) =0, we have Hk(Sn) = kal(Snfl).

Example 2.10.3. Let S! x S' = AU B where we cut the torus in half through
its hole with cuts X and Y and get two cylinders, A and B. See the picture:

< >
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Then EC(A) = f]vk(B) = IEIV;C(Sl) = Z if k£ =1 and 0 otherwise. And ﬂ(A N
B) = Hy(X 1Y) = Hp(S' 11 S') is Z when k = 0, Z? when k = 1, and 0
otherwise. Thus we have

0 —— Hy(S' x 1)
D
P

72 25 72 Yy H (S x SY)

(\J

Z——0

We have ¢, (x,y) = (x —y,y — x), so ker ¢, = Z. Therefore, Ho(S* x S!) = Z,
as we have seen before.
We get a short exact sequence

2 —~
02 Ay, =2 = Hi(S' x 5 = Z 0.

Since everything is free abelian, the sequence splits, and we have }71(5 Lx st =
ZoZ=17"

In the last example, we said that the sequence splits. What specifically does
this mean?

Lemma 2.10.4 (Splitting Lemma). If we have a short exact sequence of
abelian groups

then the following are equivalent:
1. “The sequence splits.”
There exists p: B — A such that pi = id 4.

There exists s : C'— B such that js = idc.

™o

There exists an isomorphism such that B =2 A & C and the following
diagram commutes.
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Note that if C' is free, then s : C — B always exists; simply fix a basis {c,}
for C' and choose b, € j71(ca), and set s(cq) = bq-

Proof. We only sketch the proof; while we will make good use of the Splitting
Lemma, it is purely an algebraic statement.

For 2. implies 4., we construct the isomorphism: B — A @ C via b —
(p(b),7(b)). This map is surjective, as given (a,c) € A® C, choose V' € j~!(c).
Let b=i(a—p(b))+V. Applying j is good. Next, p(b) = pi(a—p(b'))+p(t') =
a—p)+p)=aand for j, j(b) = ji(a—p®')) +j(') =04 c = c. We can
also see that this map is surjective; follow your nose.

For 3. implies 4., the map is A® C — B, (a,c) — i(a) + s(c).

For 4. implies 2. and 3., the proof is obvious. If B =2 A ® C, we know how
to project or include. O

Corollary 2.10.5. Given A C X, if there exists a retraction r : X — A, then
Twls = g, (A), SO Lx 18 injective. Then the long exact sequence

H,(A) X Hy(X) — Hy (X, A)
breaks into short exact sequences:
0— H,(A) 2 Hy(X) — Hy(X, A) = 0.
Furthermore, we have the projection

0 —— H,(A) —— H,(X) —— H,(X,A) —— 0,
¥ i

and by the Splitting Lemma H,(X)=H,(A) ® H,(X, A).

Note that this can be used to show the nonexistence of retractions, like
Brouwer’s Fixed Point Theorem [1.55.6][2.8.41]

Example 2.10.6. The Mébius band X does not retract onto its boundary S?*.
If it did, we have short exact sequences

0— Hi(S")=Z 2 H\(X) =7 — H(X,S") = Zy — 0,

but this sequence does not split, since Z # Z @ Zs.

Example 2.10.7. Let A and B be genus g handlebodies; i.e., thickened graphs
with m(A) = m(B) = F,. Equivalently, A and B are surfaces S, with their
insides. Then let X = AUy B where f : 04 — 0B (ie., f: S, = S94) is a
homeomorphism. Now we use Mayer-Vietoris to compute the homology groups
of X.

Since A and B deformation retract onto wedges of circles,

— —~ Z9 if k= 17
Hy(A) = Hp(B) = { 0  otherwise.
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Furthermore, since AN B = S, (recall Example [2.8.69)),

0 if k=0,
~ 7% ifk=1,
Hy(ANB) =93 7 p_»

0 otherwise.

Now let’s look at the basis for the homologies. If a; and b; are as pictured, then
a; and b; are generators for the first homology of the surface S,.

In other words, (a;,b;)Y_, = Z% = H,(A).

i=1 —
However, in the handlebody, b; are all nulhomologous, since they are the
boundaries of a disk. Thus H;(A) = (a;)7_;.
Then, ¢4 : H1(0A) — H;(A) is projection onto the first g coordinates.
Likewise, tp : H1(0B) — Hy(B). Thus, the relevant part of the Mayer-Vietoris
sequence is:

0 ———— Hy(X)

< >

Hy(AN B) 0 Hy(X)

< >

Hy(ANB) —£— Hy(A)® Hy(B) —— Hy(X) — 0

So p(a) = (ta(a), —tpfi(a)), where f, is the induced map f, : Hi(0A) —
H,(0B) (ie., f.: Z*9 — Z%*). And ¥(a,b) = a +b.

By exactness of the Mayer-Vietoris sequence, Ha(X) 2 ker ¢ = {a € Hy (AN
B) | ta(a) =0,—tpfi(a) = 0}.

We can consider f, as a 2g X 2¢g matrix with g X g submatrices:

fula) = My Ni| |aa _ Moy + Niaa
* My Ns| [as Msaq + Noag |’

where o and ag correspond to the a;s and b;s.
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Therefore ker¢o = {(aq,a2) € HI(ANB) | oy = 0and Nqiay = 0} =
ker N; C Z9.

For the first homology,
~ Hi(A) ® Hi(B) ~ Hi(A) ® Hi(B)

IZ(X) /kerw— /Im<p

by exactness.
Now,

Imy = {(al,Mlal + Nias) € Hi(A) & Hy(B) | Bj € E(AmB)}

~ I, 0
= Im {Ml NJ

C 7.

I, 0
M, Ny
rank ker Ny = g — rank N;. These are the sam

Note that this says the following about the Euler characteristic:

x(X) = Z(—l)irankHi(X)
=1—(g—rank Ny) + (g —rank Ny) — 1
=0.

Thus rank H;(X) = 2g — rank [ = g —rank Ny, and rank Hy(X) =

e|18

Therefore:

Theorem 2.10.8. Any three-manifold X obtained by gluing together two han-
dlebodies, i.e., X = AUy B for some f, is such that x(X) = 0.

Proof. Example U

Definition 2.10.9. We call a three-manifold obtained in this way a Heegaard
splitting.

Proposition 2.10.10. FEvery orientable three-manifold has a Heegaard split-
ting.

Now we move to homology with coefficients. The general idea is that there is
nothing sacred about choosing finite formal sums over Z, and in fact, choosing
different coefficients may give us more information. We proceed.

Definition 2.10.11. Let G be an abelian group. Then we define C,,(X; G) to
be chain group of finite formal sums ) g;0; where ¢; € G and o; : A" — X.
We still have boundary maps 9, : C,,(X;G) — C,,—1(X; G) where 9,10, = 0

and we can define relative chains Cy, (X, 4;G) = Cn (X G)/CH(A' G):

18This can also be shown using Poincaré duality [2.13.13
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Thus we can define homology with coefficients in G to be H,(X;G) =
H,(C.(X;G)) and relative homology with coefficients H, (X, A4; G) = H,(Ce(X, 4; G)).
We can also define cellular homology with coefficients just like before. Use
the chain complex {H,,(X™, X"~1: GQ)} and the cellular boundary map is exactly
the same:

" (Zgaena> =D _dasgac™ 5.
o,

(03

Then

HT?W(X, G) _ ker dn/IIn d”+1.

We remark that all theorems hold for these homologies: long exact sequences,
excision, Mayer-Vietoris, etc.

Example 2.10.12. If X is a point, then

G if n =0,
H,(X;G) = { 0 otherwise.

Example 2.10.13. Computed via the long exact sequence and excision, just
like before, we have that

G ifn=k,
0 otherwise.

,(5%6) = {
Lemma 2.10.14. If f : S¥ — S* has deg(f) = m, then the induced map
fe: He(S% G) — Hp(S*;G) is f.(g) = mg.

Proof. A homomorphism ¢ : G; — G2 induces a map on relative homology
v« Ho(X, A;G1) — H, (X, A; G2) which is natural (Definition with
respect to other maps. So, in particular if one group is Z, we have a commutative
diagram:

7= Hy(SF) —L s Hy(S%)
b I
G = Hy(S%:G) —L Hu(S%: @)

Then fix g € G and define ¢ : Z — G by ¢(1) = g. Then f.(g9) = f.ps(1) =
0« (fe(1)) = @u(m) = mg, as desired. 0

Example 2.10.15. Let’s compute the cellular chain complex of RP" over Z.
Recall that RP™ = e® Ue" 1 U...U €, so the cellular chain complex is

0—=>Zy -2y — - =2y =72y —Zs— 0.
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The degree of the cellular boundary maps is
deg(idgr-1) + deg(—idge-1) = 14 (=1)*

which is 0 or 2, both 0 mod 2.
Thus the maps are

020 52,25 52, 252, %57, 0.
When all maps are the zero map, the homology is the chain complex:

Zo if0<k<n,

Hy(RP";Zy) = { 0 otherwise.

In general, when our space is nonorientable, Zs is a good group to use.

Example 2.10.16. The usual cellular chain complex for RP" is

0z 4y %7207 %7 .
The maps are 1 + (—1)" = { (2) if n;jk‘:—;;:: 2 %’ Therefore,
Z ifn=0,
R I
0 otherwise.

Theorem 2.10.17. A loop f : I — X (think f : A' — X ) is a singular simplex,
and Of = f(1) — f(0) = 0. Thus a loop is a 1-cycle.

Therefore, there is a map taking loops f : I — X to cycles (ker(dy : C1(X) —
Co(X))) to the first homology H1(X).

This map is well-defined because it is the abelianization of m1(X).

If X is path connected, then h : (X, x9) — H1(X) is surjective, and ker h is
the commutator subgroup, so h induces an isomorphism w1 (X, zo)ay — H1(X).

Proof. We show three properties of the map taking {f : I — X | f is a loop} —
ker 91 — H1(X). First, we show that if f is constant, then [f] = 0.

Let o0 : A2 — X be the constant map where o(A?) = f(I). Then
0o = U|[v1,v2} - a|[vg,v2] + U‘[’uo,vl] = f - f + f = f Thus f is a
boundary, and hence it represents a 0 in homology.

Next, we show that if f ~ g, then [f] = [g]. This is actually the proof that the
map is well-defined.

Let F': I x I — X be a homotopy from f to g. Then subdivide I x I
into simplices o1 and o5. See the picture:
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Vo 1

£ x.

Then the boundary 0(o1 —02) = f+ 01l(,, 4] = O[04 T 2]

vo,v3]
g+ 02|[007U2]. Since 01|[,U07U3} = 02|[Uo7v3} and 01|[v1,v3] = 02|[U0,U2}
which is constant as f is a loop, (o1 — 02) = f — g, and therefore

[f =gl =1[f] =gl =0.
So we do indeed have a map 71 (X, zg) — Hi(X).

Finally, we show that [f - g] = [f + g] = [f] + [g], which shows that the map is
a homomorphism.

See that by the diagram, do = f+g— f - g:

v
% X %X,
f g

Vg — —— V2

2.11 Section 11: Cohomology

Definitions: dual chain complex, cohomology, induced map on cohomology,
cup product, cohomology ring, tensor product

Main Idea: Cohomology is dual to homology. Computing it is pretty tricky,
so the current recommendation is to rely on things like the Universal Coeflicient
Theorem and Poincaré duality so that you don’t have to work from definitions.
In this section, we define cohomology, explore the Universal Coefficient Theo-
rem, and study cup products, cohomology rings, and the Kiinneth Formula’s
cross products.

We know that H,, is a covariant functor from the category of topological
spaces to the category of graded abelian groups. Explicitly, we have X — H,,(X)
and maps f : X — Y induce to f. : Hy(X) — H,(Y).

Cohomology is backwards; cohomology is a contravariant functor from the
category of topological spaces to the category of graded abelian groups. X —
H™(X), while f: X — Y maps to f*: H*(Y) —» H"(X).

Why would we want to use cohomology? One of the first motivations is
a product structure on homology. We can certainly consider a map H;(X) x
H;j(X) — H;y;(X xX) given by (e?,e/) + (e’ xe’), but how would we then map
Hi1;j(X x X) = H;1;(X) to get any useful information? Unfortunately, the
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only natural map is projection onto one of the factors; this results in the trivial
homomorphism, and that’s no good. But, the contravariance of cohomology
comes to the rescue!

In cohomology, we still have H(X) x H’(X) — H**/(X x X). Now, the
diagonal map A : X — X x X where  — (z,2) provides A* : H/(X x X) —
Hi*J(X), resulting in what we’ll call the cup product, which turns cohomology
into a ring: H(X) x HI(X) < Hiti(X).

So that’s where we’re heading.

Example 2.11.1. Suppose X is a graph; i.e., in particular, think of X as a
1-dimensional CW or A complex. Let G be an abelian group.
Then the cochains are A°(X; G) and A'(X; G), where A°(X; G) is the set of

functions f from the vertices of the graph into G i.e., A°(X; G) H G, and
vertices

A'(X;G) is the set of functions f from the edges to G; i.e., A'(X; G) H G.

edges
Note in particular that we use product as opposed to direct sum in homology.

Then there is a natural coboundary map, 6 : A%(X;G) — Al (X; G) defined
by if p € A%(X;G), then §p([vo, v1]) = p(v1) — p(vg) for an edge [vg, v1].

We're going to actually work a few examples before we define cohomology.
Bear with me.

Example 2.11.2. Let’s say we have a one dimensional complex X; for example:

vy
Vg 44—
Let’s say that for the purposes of example, ¢(vg) = 5, p(v1) = —2, and
p(v2) = 3. Then the coboundary map dp([vg,v1]) = =7, d¢([ve, v2]) = —2,
and dp([vy,ve]) = 5.
The cochain complex is

0+ ANX;G) & A°(X;G) «0.

Then H°(X;G) = kerd and H(X;G) = AL (X; G)/ We refer to elements
) ; Imé-
in ker ¢ as cocycles and Im § as coboundaries.

Now, ¢ € ker § if and only if v(v1) = ¢(vg) for all edges [vg, v1], which is the
case if and only if ¢ is constant on all path components. Therefore, H°(X; G)
is the set of functions from path components of X to G; ie., H'(X;G) =

11 G.
path components

Next, we have H!(X;G) = Al(X;G)/Im(; = 0 if and only if for all ¥ €
AY(X; @), there exists a solution to 1 = dp. A solution is unique up to an
element of ker §; i.e., a constant function. Note that this looks a whole lot like
discrete derivatives!
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So if X is a tree, then 1) = dp always has a solution. Simply pick a vertex
x; assign it e.g. 0. Then, since X is a tree, start somewhere and construct ¢
such that ¥ = dp. There won’t be any conflicts because it’s a tree and you’ll
never contradict a previous assignment. Therefore, H*(tree; G) = 0.

Otherwise, fix a maximal subtree T C X. Then H'(X;G) = H G.

edges X\T
Note that this is very similar to H;(X;G) = @ G.
edges X\T

Example 2.11.3. Now let’s consider a two dimensional example. Let X be
a two dimensional A-complex. Then A?(X;G) is the set of functions f from
2-simplices to G. If 9 is a 1-cochain, i.e., 1 € A(X;G), then §v([vg, v1,vs]) =
¥([v1,v2]) — ¥([vo, v2]) + ¥ ([vo,v1]). For instance:

Vo
Vg ———— U1

where p(vg) = 0, p(v1) = 5, and p(ve) = 3, dp([ve,v1]) = ¥ ([ve,v1]) = 5,

¥([vo, v2]) = 3, and ¥([v1, v2]) = =2, and d4([vo, v1,v2]) =5 -2 -3 =0.

Note that it’s not surprising that ¢ = 0, since we did a coboundary twice!
Indeed, for ¢ € AY(X; @),

66¢([vo, v1,v2]) = (p(v2 — @(v1)) — (¢(v2) — @(v0)) + (¢(v1) — ¢(v0))
=0.
Thus the cochain complex looks as follows:
0+ A2(X;G) & AYX;G) < AYX;G) 0.

Returning to the ODE analogy, given 1) € A'(X; G), we can view 09 € A%(X; G)
as an obstruction to solving ¥ = dyp, since if ¥ = dpg, then d¢p = 65y = 0. If
d1p = 0, then 1) = d¢ has a solution if and only if [¢] € H(X;G) is 0.

This is akin to F' = VF if and only if V x F = 0.

Now let’s get explicit.

Definition 2.11.4. For a chain complex

On

+1 On On—1
e 5 Oy —— Cp = Cpg —— -+

we can form the dual chain complex:

n—1

Sn s
e O O —— O " -

where C,* = hom(Cy, G) and 8, (f) = fOnr1, Lew, 0n(Cn 23 G) = Cryr -2
c, LG
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Note that d,,410nf = dp41(fOnt1) = fOn+10n+2 = 0, so this really is indeed
a chain complex. Thus, we can define a homology.

Definition 2.11.5. The cohomology of a chain complex C, is

Hn(co; G) = Hn(Co*) = ker 5”/Im§

n—1’
i.e., cocycles mod coboundaries.

Note that in general, H"(Ce;G) # hom(H, (C,),G) even though C,* =
hom(C,; G). We will see, however, in the Universal Coefficient Theorem

2.11.9| that H"(C,; G) can be computed from H,(C,) and G.
Example 2.11.6. Consider the cellular chain complex for RP3:

0=03 0=0> 0=0,

C,: 0 Z Z Z Z 0
ll ll ll ll
Cs Cs Cq Co
Then applying hom(—, Z), we get
I R A et el
Cs” Cy” ch* Co*

We claim that ds is the zero map. Indeed, given f € Cy*, then for z € Cs,
d2f(x) = f(03x) = f(0) = 0. Similarly, we can show that Jy is the zero map.
However, 07 is not. Given f € ¢1*, then 61 f(x) = f(022) = f(22) = 2f(z).
Therefore, 61 = 2.
Now observe the following;:

n 0 1 2 3
H,Cy) |Z | Z2] 0 | Z

We’ll see more of this in Poincaré duality [2.13.13] For now, notice that in
particular, H%(C4) = Zg # hom(Hz(C4,Z) = hom(0,Z) = 0.

However, there does exist a map h : H"(Cy; G) — hom(H,(C,),G).
Consider H,,(C,) = ker an/Im Ot = Zn/Bn. A class in H"(C,; G) can be

represented by a map ¢ : C,, — G such that d,p = 0, i.e., 99,41 = 0. Hence

»(Bp) =0.
We can restrict this map to just the cycles Z,,. Let g = ¥/ 7. This induces

a homomorphism @y : Z"/Bn — G. If ¢ € Imd,,_1, then ¢ = §,_1¢ = Yy,
and hence ¢(Z,,) = 0, and so Py = 0. Vanishing on coboundaries implies that
we have a well-defined homomorphism h : H"(C,; G) — hom(H, (C,), G).

Lemma 2.11.7. This homomorphism h is surjective.

Proof. Consider the short exact sequence
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B, 1 ——0

Since By, _1 is a free abelian group, the Splitting Lemma [2.10.4] gives us maps
p and s, and the sequence splits.

In particular, there exists p : C,, — Z, such that pr = idz, . So we can
extend a homomorphism ¢q : Z,, — G to a homomorphism ¢ = ¢gp : C, — G.
Therefore, we can extend a homomorphism H,,(Cs) — G to a homomorphism
C, — G that vanishes on B,. Note that this extension gives us a map in
the opposite direction; i.e., we have a map A’ : hom(H,(C,),G) — kerd, —
H"™(C,;G). One can check that hh' = id, so h is surjective (and A’ is injective).

O

We have shown that h is surjective, but moreover, from the proof we have a
split short exact sequence

0 ker h H"(Cy; G) —— hom(H,(C,),G) —— 0

L B

Our goal now is to analyze ker h. Consider the following commutative diagram
of sequences:

8n+1

0 —— Zn—i—l — On+1

o [

0 Z, —— C, = B, 4 0
When we dualize, we have
0 Zni1" Cry1” B,” 0
OT 6,1,1\ OT
0 /i C* B,1"+—0

Note that the dualized sequence is still exact, since hom(C,,, G) = hom(Z,,
B,,—1,G) = hom(Z,, G)®hom(B,_1,G) and C},* = hom(C),, G) = hom(Z,,, G)®
hom(B,_1,G) = Z,* ® Bn,—1".

Now consider the long exact sequence associated to the above dualized short
exact sequence:

e Byt 2, H™(Co; G) 4 By Zp 1

The boundary map Z,* — B," is dual to the inclusion map ¢, : B, — Z,.
In other words, it is restriction to B,. Thus, we get the following short exact
sequences:

0<kert,” < H"(C,.; G) <—B”_1*/Ian,1* 0.
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Note that ker¢,* = hom(H,(C,),G), as keri,* is the set of homomorphisms
wo : Zyn — G that vanish on B,.
We will show that the above sequence splits.

Now consider B"—l*/lm n which we will call cokert, 1*. Informally,

.
1
coker t,,_1* is the “target mod image.” Indeed, coker ¢,,_1* measures the failure

of exactness of the dual to the following short exact sequence:

0— Bno1 =% Zn_1 — Hyu_1(Cy) — 0.

*

In other words, coker:,_1* measures the failure of exactness of the following

sequence:

.
s In—1

0+ Bp 1" +—— Zy 1"+ H,_1(C)* + 0,

as B, 1" P Z,_1" is the only possible place that exactness can fail. Ho-
momorphisms on B may not extend to Z.
Now, the short exact sequence

tn—1

0= By-1 — Zy—1 — Hy1(Ce) — 0

is a free resolution of H,,_1(C,), which we call H. A free resolution is an exact
sequence Fy of the form

N NNy ELNY RNy & N}

where F; are free.
The dual is a cochain complex, not necessarily exact:

I R DL (M S}
Then H"(Fo;G) = Hp(Fo*) = ker an*/Im £ and we have coker ¢,_1* =
Bn_l/lmbn—l* = HI(F.’G)'

Lemma 2.11.8. For any two free resolutions Fy and F,’ of H, there is a
canonical isomorphism H™(F,; G) = H"(F,'; G).

Proof. We sketch the proof. The idea is to construct a commutative diagram
by induction:

f2 f1 fo

F2 F1 FQ H 0
bl
FZ/ fo! Fl/ fi’ F(], fo' H 0
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Then define o by fixing a basis {z3} for Fy and for each z, choose x5’ € Fy'
such that fo'(z5") = fo(zg). Set ap(zg) = x5’. Now the first square commutes,
as desired.

Now for a1, notice that fo'agfi = fofi = 0. Thus agfi(z) € ker fo' = Im f’.
Then again, fix a basis {z3} for Fy. For each z3, choose x5’ in Fy’ such that
fi'(zg") = aofi(zp). Set ai(xg) = z5’. Now the second square commutes, as
desired.

Induct. It remains to be seen that a,* : H"(F,’;G) — H"(F,;G) is an
isomorphism, and does not depend on the choices made. O

Now, for an abelian group H, we always have the free resolution
o= 0—=F — Fy— H—0,

where F{y has basis of that of H and F} is the kernel of Fy — H. Then the only
interesting cohomology group of this complex will be H!(F,;G), since, as we
have said, this is the only place exactness can fail.

Let HY(F,;G) = Ext(H,G). By Lemma Ext(H, G) only depends
on H and G. The name comes as Ext(H, G) is related to extensions: 0 — G —
K—H—=0.

Now, we are ready to state the following:

Theorem 2.11.9 (Universal Coefficient Theorem for Cohomology).
There exists a split short exact sequence

0 — Ext(H,_1(C,),G) = cokerv,,_1* — H"(Cq; G) — hom(H,(C,),G) — 0.
In other words, H"(Ce; G) = hom(H,,(C,),G) ® Ext(H,_1(C,),G).
We now list some properties which make computing Ext(H, G) easier:

1. Ext(H®H',G) = Ext(H, G)®Ext(H', G), since the sum of free resolutions
is free.

2. Ext(H,G) = 0if H is free, since we can use the resolution 0 - H — H —
0.

3. Ext(Zn,G) = %/, , since we can use the resolution 0 — Z %7 > Z, —
0, which dualizes to 0« G <= G+ Z,,* + 0.

Corollary 2.11.10. If H,(C,) and H,,—1(Cs) are finitely generated with torsion
subgroups T,, C H,(Cs) and Ty,—1 C H,—1(Cl), then

H™(Cy; Z) = hom(H,,(Cy), Z) @ Ext(H,_1(C.), 2) = Tn(Ce) g o,
Note that sequences are natural (Definition [2.8.52)) with respect to the chain

map Cy — C,’. Thus, we have another corollary to the Universal Coefficient

Theorem 2.11.9}
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Corollary 2.11.11. If o : Co — C,' is a chain map that induces an iso-
morphism on homology . : H,(Ce) — H,(C,'), then the induced map on
cohomology o* : H"(C,'; G) — H™(C4; Q) is also an isomorphism.

We also make the following remarks:

e H°(X;G) =hom(Hy(X),G). This can actually be shown via definitions,
but the Universal Coefficient Theorem [2.11.9) easily implies it, as
Ext(H_1(X),G) =0.

e H'Y(X;G) = hom(H;(X),G). This can too be shown directly, but the
Universal Coefficient Theorem [2.11.9|implies it, as Ext(Hy(X), G) =
0, since Hy(X) is free.

e If X is path connected, then hom(H;(X),G) = hom(m (X), G).

Definition 2.11.12. Givenamap f: X =Y, f inducesamap f* : H*(Y;G) —
H™(X;G) by f#p=f for p € C*(Y; Q).

Proposition 2.11.13. The induced map f* is well-defined, and only depends
on the homotopy class of f.

The proof involves the prism operator.

We now turn to explicitly computing the cohomology groups of spaces, now
that we have some good machinery under our belts. We also remark that all
homology theorems apply, with reversed arrows, to cohomology. In other words,
we get reduced cohomology, relative cohomology, the long exact sequence

e HYX A:)
H™(A;G) +—— H"(X;G) +—— H"(X, A;G)

- D

H"™ (A G) ¢ e

homotopy invariance, excision, Mayer-Vietoris, and so on.

Example 2.11.14. Let X be the Klein bottle. We compute the cohomology
with Z and Z,, coefficients. The Klein bottle with A-complex structure is
pictured below.
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v v

We have the cochain complex

0 +— A*(X;G) +5— AN (X;G) «5— A(X;G) «— 0
I I ll
G? G? G
I I I

(U*, L*) (a*,b%,c*) (v*)
Now, we compute g : AY(X;G) — A(X;G). See that

dov™ (n1a + nob + nze) = v* (01 (n1a + neb + nzc))
=n1v*01(a) + ngv* 91 (b) + nav*01(c)
=0,

since 91 = 0. Thus dypv* = 0, so dy = 0.

Check out when we use matrix form: §y = : G — G3. Note that

o O O

d1:0 0 0]:G>— G, 500" =6
Next, we compute 1 : A'(X; G) — A?(X;G), by computing it on the basis
elements. First,
51(1* (nlU + TLQL) = n1a*82(U) + nga*ag(L)
=ni1a*(a+b—c)+nsa*(a—b+c)
=n1 + no.

Thus, 01a* = U* + L*. Next,

51[)* (nlU + 77,2L) = nlb*é)g(U) + ngb*ag(L)
=n1b*(a+b—c¢)+nb*(a—b+c)

=n1 —ng,

so 610" = U* — L*. Finally,

(510* (TllU + 712[/) nlc*ag(U) + ngc*82(L)
nic*(a+b—c)+nac*(a—b+c)

= —n1 + no,
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and 01¢c* = -U* + L*.

If we use matrix form, §; = E _11 _11] : G3 = G?. Again, note that
1 1
D=1 —1|:G*—= G and 8,7 = 4!
-1 1

Now, we have our maps dp and d1, so the cohomology is

HO(X;G) _ keré()/Im(s_l _ G/O =G.

1 1 -1 1 1 -1
1(y. ~
For H'(X;G), see that [1 1 } [2 0 0 ] Then
(b* — c*) if G =Z or 2 does not divide m,

ker 0 = { <b* —c*, D (a* — b*)> if 2 divides m.

Note that to compute this, you’re looking for things to make both rows 0.
Therefore,

Hl(X, G) — ker 51/Im 60

— ker (51/0
IS if G = Z or 2 does not divide m,
] G xZy if 2 divides m,

since (a* — b*,b* — c*, c*) is a basis for G3.
Finally, for H2(X; G), see that Im &, = (U*+L*, U*—L*) = (2U*, U*~L*) C
(U*,U* — L*) = G%. Therefore,

2
HA(X:0) =Y A,

u*,Uu*-L*

< >/<2U*,U* — L")
0 if 2 does not divide m,
Z, if G =7 or 2 divides m.

Therefore,
Z lf k - Oa 15
HNX;Z)=1{ Zo k=2,
0 otherwise,
Z2n if k= O’
Zon X Z if k=1,
HY(X;Zon) = § 7" =7 %k:Q,
0 otherwise,
and fk
Z ifk=0,1
k(y. - n+l ]
HY(X;Zonia) = { 0 otherwise.
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Now we turn to the cup product, a way to turn cohomology into a ring.
Definition 2.11.15. Let R be a ring. The cup product is
U: C*(X;R) x C{(X;R) —» C*(X:R),

defined by:
Given some singular (k + [)-simplex o : A — X if p € C¥(X;R), ¥ €
CYX; R), then set

(0 UD)@) = ¢ (1)) ¥ (7o)

with the multiplication in R.

Example 2.11.16. Let o : [vg, v1,v2] — X. See the picture.

V2
/ r\¢ 5 X.

Vg ———— U1

Then ¢, € C1(X;R), p Ut € C?*(X; R), and

(U@ =@ (ol ) ¥ ()

A good intuition to have is to continue thinking about derivatives and prod-
ucts. In particular, we have the following lemma, showing that the cup product
is well-defined on cohomology, which looks like the Leibniz product rule.

Lemma 2.11.17. §(pUv) = 6o U + (—1)Fp U d9p.
This implies that the induced function

U*: H*(X;R) x H(X; R) — H**Y(X; R),
where [p] U [¢¥] = [ U], is well-defined.
Proof. Let’s look at a few cases first:
o If 6p =6y =0, then d(p Ue) = 0; i.e., the cup of cocycles is a cocycle.

e If 6o =0, i.e, ¢ is a cocycle, then ¢ U dp = §(¢ Uv). In other words,
cocycle cup coboundary is a coboundary.

e If §9p = 0, then dp U = 6(pU). So coboundary cup cocycle is cobound-
ary.

Thus, succinctly put, the product of cocycle and coboundary is a coboundary.
Now let’s prove the lemma. Let o : A¥H+1 5 X Then

k+1

600 (0) = 310 (g irnn)) (s i)

=0

=0 ("'[vo,...,va) Y (Ul[vm...,wm)
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and

k4+1+1

(“Dfeusp(e) = 3 (-1 () % (Tl errral)
k:il ,
_ ; (—1)ip (UI[UO,.,‘,M) 63 (Uhvk,...,vwﬂ]) ,

If we add (6o Ut + (—1)Fp U d¢) (o), the last term in do U (o) is

k+1
(_1) 410 (Ul[vo,..‘,vk]) ’lp <0|[vk+1,.‘.,vk+l+1]>

and the first term in (—1)%p U §1(0) is

(*1)]690 (U‘[vo,..i,vk]> (0 <O-|[’Uk+1;~~7vk+l+1]> ’

Thus they cancel, and

k+i+1
(b U+ (—1FeUd) () = 3 (1 @08 (o))
=0
=d(pU),
as claimed. Therefore the cup product is well-defined on cohomology. O

Example 2.11.18. Let X = S;. Then triangulate X to get a A-complex
structure. For example, if g = 2:

N
/
\

/

The a;s and b;s give a basis for Hy(X) = Z*. Since Ho(X) is always free,
HY(X;Z) =hom(H;(X),Z). Let’s use o; and ; for the dual basis:

e a;(a;) =1, and «a;(any other basis element) = 0, and
e 3;(b;) =1, and S;(any other basis element) = 0.

With the same A-complex structure, we have
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5 /
s o/al
\ /
[ ) ,Bl \.

\

Now the maps ¢; and 1; count the intersection with the curves a; and f;,
respectively, on a given 1-simplex. Note that these are cocycles, since they take
value 0 on the boundary of any 2-simplex.

Furthermore, [¢;] = «; and [¢;] = 5.

Then, let’s compute the cup product on a few simplices:

U1
/ P U1
erUyr | o o b | = @1 - Y1 -
V2
V2
=1-1=1.
Also,
Vo
N v V2
! \
p1Uth < \ v | =e | G | ™ o)
' / \’ U1
al Ul
U1
=0-0=0.

And 1 U1 (any other 2-simplex) = 0, since either oy or 81 won’t intersect
the simplex.
Next, let ¢ be the sum of the 2-simplices with signs as in the following figure.
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Then dc = 0, and [¢] # 0 € Ha(X), since C3(X) = 0.

Since @1 U ¥1(c) = 1, we get that [c] is a generator for Hs(X) = Z, and
v = [¢1 U] is a generator for H?(X;Z) = hom(Hy(X),Z) = Z.

Now we compute

U1
v v - |
1Upr | g a6, | =1 - »1 -
\/%1 | e ﬁlv%
Vo
=0-0=0,
and the only other interesting cup, as above, is
Vo
o
N \ V2
P1U 1 /\\ vy | =t /xﬁl ©1 o)
o
/ U
al /Ul
U1
=1-1=1.

Thus 171 U 1 (c) = —1, and therefore [¢); U p1] = —7.

In general, we find that, being sloppy with notation, a; U 8; is vy if i = j
and 0 otherwise. We also get anticommutivity: o; U 8; = —f; U ;. Also,
o Uoy = p;UB; =0.

Example 2.11.19. Let’s compute cup products on RP?. We have the A-
complex
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Then we know
V4 if k=0,
HYRP*Z)={ Z, ifk=2,
0  otherwise.

The cup product structure here is not interesting, since adding any dimensions
of cells hits a 0 group. Thus, we’re going to look at the cup product stucture
on Hk(RPQ; Zs). The complex is 0 — Zo? — 73 — 7,2 — 0, and

Z, ifk=0,1,2,

k 2. _
H¥(RP*,Zy) = { 0 otherwise.

We’ll get something nontrivial here.

Let o = [a+b] € Hi(RP?;Zs). Let o* be the dual to [a+b] in H(RP?; Zy) =
hom(H, (RP?;Z,), Z5).

o |7
/ o

Let ¢ count the mod 2 intersection with a. Then ¢ is a cocycle mod 2. ¢
on U is 0, and ¢ on L is 2. Also, [p] = a*. Then p Up(U) =0-1 =0 and
pUp(L)=1-1=1.

Notice that (U +L) =0, i.e., U+ L is a boundary, and pUp(U+L) =1, so
[U+L] is a generator for Ho(RP?; Zy) and [pUy] is a generator for H?(RP?; Z5).

Note the following: o', homotopic to a and transverse, must intersect a:

b
° [ ]

L] [ ]
b

Whereas on Sy, it is certainly possible to have o homotopic to « and disjoint;
we can not have intersection.

Proposition 2.11.20. If f : X — Y, the induced map f* : H*(Y;R) —
H™(X; R) satisfies that f* is a ring homomorphism; i.e.,

[Haup)=f"(a)Uf(B).
Proof idea. Check on cochains that the formula holds;

fFpup) = fF(p) U f# ().
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Example 2.11.21. A homeomorphism f : S; — S, induces an automorphism
of H'(Sy;Z) = 7?9 i.e., a matrix in GLyy(Z).

Does every matrix arise? The answer is no, since a matrix must preserve the
cup product structure.

Choose a basis a1, b1, az,bs, ..., aq, by. Then

[0 1 0

-1 0 0

0 1 0

J= -1 0 0
0 .. 0 1

0 . -1 0

Then the cup product z Uy = 27 .Jy. For example, if ¢ = 2, then a; Ub; = 1.
To see this, note that

01 0 0
J:()lgg?’
0 0 -1 0
SO
0 1 0 o]fJo
a1Jby=[1 0 0 0] *018 8 (1) (1)21
0 0 —1 0f [0

In order for a matrix for f*, A to arise, the matrix A must satisfy z7.Jy =
rUy=AxUAy = 2T AT JAy. So J = AT JA.

The group of such matrices is called the symplectic group Sp(2g, Z), and all
of these matrices arise.

Theorem 2.11.22. If R is commutative, then o U B = (=1)¥3 U «a for all
a € H*(X;R) and B € H(X;R).

Proof. Given o : [vg, ..., v,] — X, define & : [vg, ..., Un] = [Un, ..., V0] = X.
The map *isn+(n—1)+...+1 = w transpositions. Let &,, = (—1) ot
Next, define a homomorphism on the level of chains p : Cp,(X) — C,,(X) by
p(0) = £,(7). Then we claim that p is chain homotopic to the identity; i.e., we
claim that there exists P : Cp(X) — Cp41(X) such that 0P + PO = p — id.
We take this claim on faith, though it is shown in the text. It’s essentially the
prism operator with order reversed.

Given this claim, for ¢ € C¥(X; R) and v € CY(X; R),
prpUp (o) = ptp (UI[UU,.._,Uk]) P (0—|[uk,...,vn])
=@ (aka‘[vk,‘..,vo]) w (8[0' [vm...,vk]) ’
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while

P (WY Up)(o) =9 Up(po)
= eppy (U

[’U-,“...,’Uk]) QO (U|[Uk7"')v0]) '
Note that 547 = (—1)*lepe.
As p* is the identity on cohomology, [ U ] = (—1)*[¢] U [/]. O

Definition 2.11.23. We define the cohomology ring to be

H*(X;R) = P H"(X;R).

n>0

This is a graded ring; n provides the grading. In fact, the cohomology ring is
an R-algebra (i.e., we have scalars in R and can add and multiply).

Example 2.11.24. H*(RP";Z,) = ZQ[O‘]/O/LH. The ring is graded by the
degree |a| = 1; i.e., a € H(RP"; Zy). We'll prove this in Theorem [2.11.34

Example 2.11.25. H*(RP>;Zy) = Zs[a], || = 1.
Example 2.11.26. H*(CP™";Z) = Z[a}/am—l. la| = 2;i.e., a € H*(CP™; Z).
Example 2.11.27. H*(CP>;Z) = Z[a], |a] = 2.

‘We now begin to introduce concepts which we will use to define the Kiinneth
Formula which relates H*(X; R) x H*(Y; R) to H*(X x Y; R).

Given a space X x Y, there are natural projections px and py. Consider the
cross product H*(X) x H*(Y) <5 H*(X xY'), given by a x b = px*(a)Upy*(b),
where the cup is taken in H*(X x Y'). The cross product is a bilinear map, and
this is never a homomorphism, which we would want.

The solution is to use tensor products instead.

Definition 2.11.28. Suppose A and B are abelian groups. Then the tensor
product A ® B is the abelian group generated by ¢ ® b/N, where (a 4+ a') ®
b~a®b+ad ®band a® (b+¥V) ~a®b+a®b. The zero element is
0R0=0®b=a®0.' Inverses are —(a ®b) = (—a) ®b=a® (—b).?°

Example 2.11.29. Z® Z = Z.

The map is (a ® b) — ab. To see that this map is an isomorphism, it is
first a homomorphism since the bilinear map Z x Z — Z, (a,b) — ab, induces
the homomorphism given. It is injective, since ker((a ® b) — ab) = 0, and it is
surjective, since (n ® 1) — n.

We have the following properties of tensor products:

Pasa®0=a®(0+0)=a®0+a®O0.
Wasa@b+(—a)@b=(a—a)®b=00b=0.
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1. A B B® A.

2. (@ Ai> ® B =P(4; ® B).

3. (A@B)®C~A®(B®C).

4. Z® A = A via the map n ® a — na with a — 1 ® a inverse. (See
1®2a=10a+1®a=2®a.)

5. Zpo A=A, o

6. Homomorphisms f : A — A’ and g : B — B’ induce a homomorphism
f@®g:A®B = A @B by (fog)(a®b) = f(a)® g(b).

7. A bilinear map ¢ : A x B — C induces a homomorphism ¢ : AQ B = C
by ¢(a®b) = ¢(a,b). Note that this is exactly what we used in the above

Example [2.11.29

We also remark the following:

Given R-modules A and B where R is a commutative ring, we define A @
B=4® B/(ra) ®b=a® (rb) Then A ®p B is an R-module; r(a ® b) =
(ra) @b =a® (rd).

If A and B are graded R-algebras, then we can define an algebra structure
on the product (a ® b)(c ® d) = (—1)I’I"l°lac @ bd, with [b| and |c| the degrees
of band ¢. And A ®pg B is also a graded R-algebra. Thus, we can state the
following:

Theorem 2.11.30 (Kiinneth Formula). If X and Y are CW-complezes
and H*(Y; R) is a finitely generated R-module for all k, then the cross prod-
uct H*(X; R) ®p H*(Y; R) - H*(X x Y; R) is an isomorphism of graded R-
algebras.
Proof. We sketch the proof. Fix the space Y and define the functors h"(X) =
P H'(X;R)®r H (Y;R) and k"(X) = H"(X x Y;R). We wish to show
i+j=n
that these two functors are equal. To do this, one must show

1. h* and k* satisfy the axioms of cohomology theory,

2. the cross product defines a natural map p : A" (X) — k™(X), and

3. if p : h*(point) — k*(point) is an isomorphism, then p : h*(X) — k*(X)
is an isomorphism for all CW-complexes X. O
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Example 2.11.31. Recall Example [2.11.24] See that
H*(RP" x RP";Zs) =2 H*(RP";Z3) ®z, H*(RP"; Z5)
= ZQ[al]/alnﬂ ®z, Zz[ag]/%"ﬂ

= Zz[ahaz]/(ollrﬂrl7 a2n+1).

Example 2.11.32. Since S' = RP', H*(S';Z) = Z[a]/az with |a| = 1.

Example 2.11.33. Let 7" be the n-torus; i.e., T" = H S!. Then
i=1

H*(T"Z) = Z[O‘ﬂ/alz Rz Z[QQ]/OQz ®z ...z Z[a"]/an2
= Az[a17 sty an]?

which is called the exterior algebra. It is a free module over Z with basis
Qs Oy ooy 0y, , Where 49 < ig < ... < 4. The algebra relations are that a;2=0
and o;a; = —ojoy (which actually implies the first).

For example, if n = 2, then (o ® 1)(1 ® az) = (=)o @ ay = a1 ® ay,
since |1]- 1] = 0. And, (1 ® ag)(g ® 1) = (=1)lal1la; @ ay = —a; @ as,
since |aq] - |ag| = 1.

In particular, rank H*(T™; Z) = (?), as the degree of each Z[O‘i]/aiz is either
0 or 1, so we simply choose 7 of them to be nonzero.

We remark now that we can also define relative cup and cross products. We
have

U: H*(X,A;R) x H(X,B; R) - H*"'(X,AU B; R)
defined by
U:CH(X,A;R) x CY(X,B;R) — C*'(X, A+ B; R)

where C*(X, A; R) are k-cochains on X that vanish on A and C**/(X, A+ B; R)
are (k+1)-cochains that vanish on sums >  o+> ¢’ for ) 0 C Aand ) o' C B.
As before, C"(X, AU B; R) — C™(X, A+ B; R) gives an isomorphism on H*.

Similarly, x : H*(X, A; R) x H\(Y, B; R) — H*!(X x Y, Ax Y UX x B; R).

Theorem 2.11.34. H*(RP"; Z;) = 21 ol

Proof. The inclusion RP™™! < RP" induces an isomorphism on the coho-
mology H' for i < n — 1, so it suffices to show that the cup product of a
generator for H(RP™;Z5) and a generator for H"~1(RP"; Z,) is a generator
for H"(RP";Z2).

Let X = {£(z0,71,0,...,0) | 2> + ;2 = 1} = RP* = S'. Let Y =
{00, 21, ..., ) | 2124 42,2 = 1} = RP"" . Then XNY = {£(0, 1,0, ...,0)};
call this point p. Let U = {£(x0, 21, ..., Tn) | 20® + ... + 2,2 = 1,21 # 0}, which
is homeomorphic to R"™. In fact, U = R' x R"™ = (z¢) x (2, ...,2,), and 0
corresponds to the point p. Consider the picture when n = 2; we have:
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We have U the interior of the disk.
Note that in general, RP" = U URP"; this is the standard cell structure.
Now we have the diagram

N

p

H'(RP";Zy) x H* ' (RP";Zy) ———2——— H"(RP";Z>)
H'R",R"\R"';Zy) x H" *(R",R"\ R'; Z,) = H"(R",R"\ {0};Z,)

We claim that the maps are isomorphism and the diagram commutes by natu-
rality of the cup product. To see this, the map on the right

H™(R",R"\ {0};Z2) = H"(RP",RP"\ {p}; Z>)

is an isomorphism by excision; we remove RP" ™. By deformation retraction,
we have from the long exact sequence an isomorphism

H"(RP",RP"\ {p}; Z5) = H"(RP",RP" ' Zy),
and from cellular cohomology, an isomorphism
H"(RP",RP"';Z,;) = H"(RP"; Z,),

as desired.
The one on the left is similar.
As for the bottom row, it is just the cross product in disguise:

H'(R, R\ {0};Z2) x H"'(R" ', R" '\ {0}; Z2) — H"(R",R"\ {0}; Z2),

since R" = R! x R"! has projections p; and po such that p;* and ps* induce
isomorphisms on H*. Apply relative Kiinneth, and you’re done. O

2.12 Section 12: Orientations

Definitions: orientation (on R"™), local orientation, local homology, orientation
(on a manifold), R-orientation, fundamental class

Main Idea: Orientablility is a well-defined choice of generator of H,, (M | x; R).
Every manifold is Zs-orientable.

Definition 2.12.1. An orientation on R" at a point z is a choice of gener-
ator for H,(R",R"\ {z}) = Z
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This isomorphism comes from the long exact sequence for the pair (R",R™\
{}):
H,(R",R"\ {2}) = H, 1(R"\ {z}) = H, 1(S"") = Z.
This determines an orientation at any y € R" by
H,(R",R"\ {z}) <= H,(R",R" \ B) = H,(R",R" \ {y}).

This comes from the long exact sequence for the triple (R",R"\ {z},R" \ B),
where B is an open ball containing x and y. Since R™ \ {z} and R" \ B are
deformation retracts, their relative homology vanishes.

Definition 2.12.2. Let M be an n-manifold. Fix x € M, and fix an open
neighborhood U € M of z with a homeomorphism ¢ : U — R"™. Then, via
excision, we have a homeomorphism

Hy (M, M\ {z}) = Ho(U, U\ {z}),
and via ¢,, we have
H,(U, U\ {z}) = Ho(R", R" \ {p(2)}) = Z.
We define: alocal orientation of M at z is a choice of generator for H,, (M, M\
{z}) = Z.
Definition 2.12.3. We define local homology of X at A with the following
notation:
Ho(X, X\ A) = Hy(X | A)
Ho(X, X\ 4;G) = Hu(X | 4:G).

Definition 2.12.4. An orientation of an n-manifold M at a point z is a
function z — p, € H,(M | z), with u, a generator, that is “locally consistent.”

A function is locally consistent if for all z € M, there is a neighborhood
U =, R" of x and an open ball B such that x € B C U and for all y € B,

Hy(M | x) <~ Hy(M | B) = Hy (M | y);

i.e., thereis a generator pup € H,(M | B) such that up — p, for all y € B.

We say that a manifold is orientable if it has an orientation.
Theorem 2.12.5. Every manifold has a 2-sheeted cover that is orientable.

Proof. Let M = {pz | * € M, 1 is a local orientation.}. Then the map p, — x
is two-to-one. The topology on M is as follows:

Given an open ball B C U = R" and a generator ug € H,(M | B), let
U(up) be the set of p, for © € B that are the image of up under H,(M |
B) = H,(M | z). This is a basis (Definition for a topology on M, as
one can check. . -

Now we show that M is orientable. See that p, +— uy € H,(M | pg). Via
excision, H, (M | u,) = H,(U(uB) | ttz). Then H,(U(ug) | pz) = Hp(B | ) &
H,(M | z), and p, € H,(M | x). O
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Example 2.12.6. Two examples of orientable 2-sheeted covers are p : S? —
RP? and p : torus — Klein bottle. We’'ll see that both RP? and the Klein
bottle are not (Z-)orientable.

Corollary 2.12.7. If M is connected, then M is orientable if and only if M,
as described in the proof of Theorem has two components (informally,
one oriented positively, one oriented negatively).

We can actually generalize orientation (which is actually Z-orientation) to
any ring R. Let’s see how to do that.

Given a manifold M, we can define Mz = {a, | z € M,a, € H,(M | z)}.
Now we get an infinite sheeted cover o, —+ x. Notice that restricting o, = 0, we
get a subcover My = M, and restricting o, = £k, we get a subcover My = M.

Definition 2.12.8. A section is a map M — Mz such that z +— a,.
An orientation on M is the same thing as a section x — a, € M7 = M. In
other words, a section is a continuous choice of local orientation.

Thus, to generalize, let R be a commutative ring with identity?!. Then the
long exact sequence gives us that

H,(M | x;R) = H, (S" ' R) =R,

and we define Mg = {a, | z € M,a, € H,(M | x; R). We get a covering space
Mg — M. Then

Definition 2.12.9. An R-orientation is a section M — Mg, x — «a, €
H,(M | z; R) where o is a generator such that o, R = R; i.e., o, is a unit.

We remark that using the isomorphism
H,(M|z;R)*R~¥ZQR~H,(M|z)® R,

we have that each r € R determines a subcover M, consisting of the points
+p, @ r for generators tpu, € H,(M | x).

If r has order 2, then r = —r, so M,, =2 M. Otherwise, M, = M_, = M.

Note the following;:

“Orientable” as defined in Definition is exactly “Z-orientable.” Fur-
thermore, if a manifold is Z-orientable, then it is R-orientable for all R, since M,
has a component homeomorphic to M, there exists a section M — M,,. Finally,
note that every manifold is Zq-orientable, as Mz, = My U M; = M U M.

Proposition 2.12.10. Let M be a closed (i.e., compact with no boundary)
connected n-manifold. Then

1. if M is R-orientable, then H,(M;R) — Hp,(M | z; R) = R is an isomor-
phism.

21For our purposes, this will almost always be Z or Zs.
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2. if M is not R-orientable, then H,(M;R) — H,(M | z; R) = R is injec-
tive, with image {r | 2r = 0}.

Note what this says about the top-level nth homology group:

Z if M is orientable,
Hy (M) = { 0 if M is not orientable,

and Hn(M, Zg) = ZQ.

Definition 2.12.11. A fundamental class is an element u € H,(M; R) whose
image in H, (M | z; R) is a unit for all z € M.

By Proposition [2.12.10} if M is R-orientable, then there exists a funda-
mental class. Conversely, if there exists a fundamental class p € H,(M; R),
then the map u — u, is a section of Mz — M, so M is R-orientable.

2.13 Section 13: Cohomology II: Cap Product, Poincaré
Duality

Definitions: cap product, (simplicial) cohomology with compact supports, co-
homology with compact supports, direct limit of groups, relative cap product
Main Idea: Poincaré duality is a powerful way of comparing the homology and
cohomology groups of an n-dimensional R-orientable closed manifold. If M is
such a manifold, then H*(M; R) = H,,_(M; R).

Definition 2.13.1. We define the cap product. For k& > [,
N:Cr(X;R) x CY(X;R) = Cr_1(X;R)

given by, if o : A¥ - X € Cx(X; R) and ¢ € C'(X; R), then

on Y =@ (U|[’U0,...,’Ul]) 0-|[vl7"'avk] S Ck_l(X;R)

.....

Lemma 2.13.2. The cap product is well-defined on homology; that is,
dong)=(—D 9Ny —ondp).

Proof. As usual, it’s just computation. The right hand side gives us

o Ny = Z(—l)lgp (O—|[U07~~-ﬂ7&,7~~7vz+1]) J|[Ul+17~»-»vk]
0

k
+ Z (_1)190 (J|[v0,...,vl]> J|[vl ..... Viyuens vE]
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and

+1

on 550 = Z(_l)z<p (U|[U0w~sﬁi7~~~svl+l]> U‘[ﬂz+1wavk] ’
1=0

Therefore,

doNp—0oNdp = (—1)l<p (g|[v07__47vl]) a|[vl+17“_,vk]
k
l
+ Z (71) ¥ (o—|[vo,...,vl]) O—|[vl,...,1?,3,...,vk]
=1+ 1
k

l
Z(_l) ¥ (U|[v0,..‘,vl]) U|[vl,...,1ﬁi,...,vk}

1=l
— (-1'a(eny),

as desired.

Thus if do = 0 (i.e., o is a cycle) and dp = 0 (i.e., ¢ is a cocycle), then
dcNp) =0 (cNgisacycle). If o =0, then 9(c Np) = £oNdp. And if
0p =0, then 9(c N ) = £00 N . Together, this tells us that N is well-defined
on Hi(X;R) x H(X; R) — Hy_1(X; R). O

We remark that we have naturality (Definition |2.8.52)) in the cap product.
If f: X — Y, then we have induced maps so that the diagram commutes:

Hy(X; R) x H'(X; R) —— Hj,(X;R)

[P Ir

Hy(Y;R) x H'(Y; R) —"— Hy_(Y;R)

and f.(a)Ne = f.(an f*(p)) € H,_(Y;R) for a € Hy(X; R), ¢ € H(Y; R).

Our goal now is to prove Poincaré duality [2.13.13] We'll state it now
and show a few examples, build up some machinery, and then state it again and
prove it.

Poincaré Duality: If M is a closed, R-orientable n-manifold with fundamental
class [M] € H,(M; R), then the map D : H*(M; R) — H,,_(M; R) defined by
D([¢]) = [M] N [e] is an isomorphism for all k.

Example 2.13.3. Consider the space S». In Example we drew and
discussed the A-complex there, so recall it.

Let ¢ be the 2-chain with assigned signs; then [c] is the fundamental class
of the manifold, as it is the generator for Ho(S2). Then edges a1, b1, as, by are
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cycles, and they generate Hi(Ss). Furthermore, a1, 81, az, B2 generate H'(S5)
(with maps 1,11, p2, 12 that counter respective intersections).

It can be seen that [vg, v1,v2] N1 = @1([vo,v1]) - [v1,v2], SO cN 1 = by.
Likewise, ¢ N @2 = by, and cN Y1 = —aq and cNps = —as.

Therefore, in general, [S,] N ¢; = b; and [Sy] N Y; = —a,.

Notice that this is opposite of the isomorphism from the Universal Coef-
ficient Theorem 2.11.9

H'(S,;Z) = hom(H,(S,),Z).
Note also that the homotopicity of «; and b; are the same, as are a; and —f;.

Definition 2.13.4. Let X be a locally compact simplicial complex; i.e., any
simplex is the face of finitely many other simplices. Define AL (X; G) to be the
set of cochains ¢ € A'(X;G) such that (o) # 0 for only finitely many . Then
observe that §(AL(X;G) C ASH(X;G), as §p(0) # 0 only if ¢ is nonzero on
some face in do, by local compactness.

Then we can define (simplicial) cohomology with compact supports
to be

i ker(d : AL(X; G AN X G ) )
Hy(X:G) = er( ol )= Ac ))/Im(é:AZCTl(X;G)%AlC(X;G))'

Example 2.13.5. Let X = R, with O-simplices the integer points Z and 1-
simplices the intervals connecting them.

Then, let ¢ € AL(X;Z). Then dp = 0 if and only if ¢ is constant, so ¢
must be 0. Therefore, H2(R;Z) = 0.

However, Hé (R;Z) # 0. To see this, note that, for instance,

(1 ife=[0,1] € AL(R;Z),
ple) = { 0 otherwise.

We claim that 0 # [p] € HL(R;Z). In fact, we claim that [¢] generates
HL(R;Z), so HL(R: Z) = Z.

To see this, if ¢ = §), then ¥(1) —¢(0) =1, and ¥(n) — (1) =0 for n > 1
and ¥(m) — ¥ (0) = 0 for m < 0. Therefore,

The picture is that of integrating a bump function ¢. The resulting v is not
compactly supported!

Notice that we do have a “duality;” i.e., we have complementary homol-
ogy/cohomology groups: HAL(R;Z) = Z = Ho(R), and HQ(R;Z) = 0 =
H;:(R). We'll actually see this in general.

We can define cohomology with compact supports in general, not just for
simplices:
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Definition 2.13.6. Let C%(X;G) be the set of cochains ¢ € C*(X;G) such
that there exists a compact set K, C X and ¢(0) = 0 if 0(A") C X \ K,,.
Then §(C&L(X;G) C C5(X;G), as dp vanishes on (i + 1)-chains in X \ K.
Then define cohomology with compact support as before (cocycles mod
coboundaries):

; ker(d : CH(X;G) —» CHY(X; G ; -
H (X G) = ker0: Co(X: 6) = O ))/Im((S:C’gI(X;G)%CE(X?G))'

Note that if X is compact, then HL(X;G) = H'(X;G); simply take the
compact set to be everything.
We also remark the following alternate description for the compact cochain

group:

CHx;6) = |J C(XX\K;G).

K compact

The cochain group C*(X, X \ K;G) is exactly the set of cochains that vanish
on X\ K.

If we have an inclusion map K < L, then we get an induced map C*(X, X \
K;G) = CY(X,X \ L;G), and so there exists an induced map on the level of
cohomology:

H(X,X\K;G) = H(X,X\ L;G).

Our goal will be to describe the cohomology with compact supports using this
data. To that end:

Definition 2.13.7. Let {G4}aer be an indexed collection of groups, where I
is a directed set; i.e., for all «, 5 € I, there exists  such that a, 5 < 7.
We define the property of semiflow, a result of I being a directed set:

e For all o < 3, there exists fog : Go — Gp.

o If o < 3 <, then the following diagram commutes:

Le., fa’y = fB’yfoc,B-

Then we define the direct limit of groups as
lim G()I = I_lGa/N,
—

where a ~ b if a € G,, b € Gg, and there exists v with «,5 < v such that
faw(a) = fB'y(b)-
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The group structure is that if a € G, and b € Gg, then [a] + [b] = [’ + V'],
where a' = fo(a) and b’ = fg,(b) for o, f < 7.
The idea of the relation is that two elements are equal in li_1>n G, if they

eventually become equal in the directed system.
Lemma 2.13.8. H;(X) = lim H;(K), where the limit is over compact sets
—

K C X. In other words, the direct limit of groups wouldn’t have told us anything
new with regards to homology.

Proof. The inclusion K — X induces a map H;(K) — H;(X). This map is
surjective, as a cycle in H;(X) can be represented by a finite sum of simplices,
hence in some compact set K. This map is also injective, as if a cycle K is a
boundary in X, it is the boundary of a chain in a larger compact set L. O

Lemma 2.13.9. Analogously, H-(X;G) =lim H'(X, X \ K;G).
—

Proof. Every element ¢ € lim Hi(X7X \ K;G) is represented by a cocycle in
—

C'(X,X \ K;G) for some compact set K C X. Such a cocycle is zero in
lim H'(X, X\K; Q) if and only if it is the coboundary of a cochain in C*~1(X, X'\
—

L; G) for some L C X compact with K C L. Therefore, H:(X; G) = lim H (X, X'\
—
K; @), as desired. O

Example 2.13.10. We compute HA:(R"; G). It suffices to consider compact
sets B(0,r) with » > 0. Any compact set will eventually be contained in one of
these balls. o
Then via a long exact sequence, H'(R",R" \ B(0,r);G) = H"1(R"\
B(0,7); G). Via homotopy equivalence,
— G ifi=n
i—1(qn—1. _ ’
(8" 6G) = { 0 otherwise.
Moreover, H"(R",R" \ B(0,7);G) — H"(R",R"\ B(0,r + 1); G). Then
Ho(R™;G) = { 0 otherwise.

Notice that this is exactly H,_;(R"). Hints of Poincaré duality [2.13.13|keep
appearing. Indeed, we will use direct limits to discuss Poincaré duality.

Definition 2.13.11. We can define the relative cap product to be the map
Hp(X,A;R) x H(X,A;R) — Hy_;(X;R).

The cap product
N:CL(X;R) x CY(X, A;R) — Cr_1(X; R),

where C'(X, A; R) are the cochains that vanish on A, vanishes on Cy(4; R), so
it induces a map

Cr(X,A;R) x CY(X,A; R) — C_i(X; R).
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Recall from Lemma [2.13.9] and Definition 2.12.3] that
HE(M;R) = li_r>nH’f(M,M \K;R) = li_r>nH’f(M | K;R).
Then for K C L C M, naturality of the (relative) cap product gives that

H,(M | L;R) x H*(M | L; R) —"— H,,_(M;R)

b |

H,(M | K;R)x H*(M | K; R) —"— H,,_(M;R)

Now let ux € Ho(M | K;R) and pr € H,(M | L; R) be the images of the
fundamental class (Definition for M. Then v, (pr) = pr. Naturality
gives v (pr) N = pr Ne*(x); ie., px Nz = pr N (z).

Thus the homomorphisms H*(M | K;R) — H,_x(M;R) given by =
px N induce a homomorphism Dy : HE(M; R) — H,,_(M; R).

Proposition 2.13.12. If M = UUV where U and V are open, then the Mayer-
Vietoris sequence gives the following diagram:

o — HE(UNV) — HEU) @ HE(V) — HE(M) — HEHWUNV) — -

lDUmV lDUEB—Dv lDM lDumv

e Hn_k(UﬂV) - Hn_k(U) @Hn—k(v) - Hn_k(M) - Hn_k_lc(UﬂV) - e

which has exact rows and is commutative, up to sign.

Theorem 2.13.13 (Poincaré Duality). The homomorphism
Dy : HE(M; R) — H,_(M; R)
s an isomorphism.

Proof. We make a few remarks before we begin.
First, if M = U UV and Dy, Dy, Dyny are all isomorphisms, then by
Proposition |2.13.12| and the Five Lemma [2.8.53] so is Dy,.
Second, if M is the union of U;s such that U; C Uy C ..., and each Dy, is
an isomorphism, then so is Dj;. To see this,
HE(U) = lim H*(U, U\ K).
KCU;

K compact

Then, via excision,
lim  H*U,U;\K)=lim H*M,M\K).

KCU; KCU;
K compact K compact
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Thus making U; bigger means more sets in the direct limit; i.e., by inclusion
there exists a map HE(U;) — HE(U;y1). Thus lim HE(U;) = HE(M), as every
—
compact set K is in some Uj;.
Note that here we’'ve proved

11_I>n Hn—k(Ui) = Hn—k(M);
Ui
then we have

lim HE(U;) = HE (M)
—

JDUZ. (=)

lim Hy, 4 (U;) = Ho (M)

Then the map Dy induced by the Dy;s is an isomorphism.
Now we outline the proof; we will show

1. Poincaré duality holds when M = R",
2. Poincaré duality holds when M = U C R" open, and
3. Poincaré duality holds for a general M.

First, we show that if M = R", then HE(R") & H,_,(R™). We'll explicitly
check this.

Let B, = By(0,r), and let o, : A™ — R" be a singular n-simplex
satisfying:

1. o is an orientation-preserving homeomorphism; i.e., det([v; — vy |
vy — Vg | ... | Un — vg]) > 0,

2. 0 € 0,.(A™), and

3. 9o, CR"\ B,.
Pictorially, e.g. for n = 2, o, is a triangle completely engulfing
Bd(07r)'
Then we have the quotient map j, : C,(R") — C,(R",R" \ B,),
where if 7' > r, then [j.(0.)] = pr € Hy(R™ | B;) is a generator.
For ' > r, define j,,» : C,(R",R" \ B,») — C,(R",R" \ B,) by
(Grt )sbtrr = r, a8 o, and o,» are homologous.
Then define Dgn, : H,(R" | B,) x H"(R" | B,) &5 Hy(R") by
Dgr ,(z) = pr Nz. It is enough to check that this map is an iso-
morphism. To see this, let + € H"(R" | B,) and fix g € C"(R" |
B,) = hom (Cn(Rn)/Cn(R”\Br)vR) such that [@p] = z. We can
then extend it to ¢ € C"(R" = hom(C,,(R"), R).
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Then, Dr~(z) = pr-Nz = [0,N¢]. Let ¢(0) be the signed intersection
between do and p = {(,0,...,0) | « > 0}. Then ¢(c) = 1. We can
restrict to get g € C"(R",R"\ B,).

For © = [p], we have p, N = [cp(ar) ar\[vn]} = [o,(vy,)], which
is a generator for Hp(R™). Since this holds for all r, we have an
isomorphism which passes through the direct limit, and thus Dgr~ is
an isomorphism, as desired.

Now, we need to show that if M is an open set in R", then Poincaré duality
holds.

Write M = |JU,;, where each U; is a convex open set. This union

is actually countable, since R" is separable (Theorem [1.30.7)) and

thus second countable (countable basis) (Definition [1.30.4).

Now set V; = U U;. Recall that we remarked that if M = U UV
j<i

and Dy, Dy, Dyny are isomorphisms, then so is Dy;. Apply this to

Vien =V U U;:

Both V; and V; N U; are the unions of at most ¢ — 1 convex sets, so by

induction on the number of convex open sets in the cover, Poincaré

duality holds for V;,U;,V; N U,;. Therefore, Dy, is an isomorphism

for all i. Now recall that we remarked that if M is the union of

U; CU; C ... and Dy, is an isomorphism, then so is Djs. Apply this

to Dy, to see that Djs is an isomorphism, as desired.

Finally, we show Poincaré duality for the general case.

If M = JU; with each U; = R", then we can play the exact same
game as the previous step; simply replace convex with open.

If, however, M cannot be written this way, we use Zorn’s Lemma.
There exists a U C M such that U is the maximal open set such that
Poincaré duality holds. Suppose z € M \ U. Choose a neighborhood
V of z such that V = R" and U NV = (). Then, Poincaré duality
holds for U, V, and U NV = (. Thus, by our first remark, Poincaré
duality holds for U U V. But this contradicts the maximality of U.

Thus, Poincaré duality has been proven. O

Corollary 2.13.14. If M is a closed manifold of odd dimension, then x(M) =
0.

Proof. If M is orientable, then rank H;(M) = rank H"~*(M) by Poincaré du-
ality Then, the Universal Coefficient Theorem [2.11.9]says that
rank H"~ (M) = rank H,,_;(M). Therefore x(M) = > (—1)rank H;(M) = 0,
since the terms cancel in pairs, since n is odd. N N

If, however, M is not orientable, then 2x(M) = x(M) where M is the
orientable double cover (see Theorem . By above, X(]\7 )=0. O
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Example 2.13.15. Let S be a closed, connected surface. Suppose S = M
where M is a compact 3-manifold. Let N = M Lig M. Then N is a closed
3-manifold. Therefore,

0=x(N)=x(M)+ x(M) = x(9).

Thus x(S) = 2x(M), so x(5) is even.
Thus, for instance, there is no 3-manifold for which RP? is the boundary.

2.14 Section 14: Higher Homotopy Groups

Definitions: higher homotopy groups, n-connected, fibration
Main Idea: We generalize the fundamental group to map n-spheres into our
space. There are a few nice properties of 7, that we explore.

Definition 2.14.1. Let I™ be the n-cube; ie., I" = {(z1,...,z,) € R" | 0 <
x; < 1}. Then OI™ = {(x1,...,x,) € I"™ | at least one z; € {0,1}}. We define
the nth homotopy group of X based at xz(, written m,(X,z¢), to be the
group of homotopy classes of maps (I",0I") — (X,z(). Homotopies must
satisfy that f;(0I™) = ¢ for all ¢; i.e., the boundary stays fixed.

For n = 1, we have the usual fundamental group.

The definition also makes sense for n = 0, though 7 (X) is in general not a
group. Rather, we have I° = {z} and 9I° = ), and two maps fo, f1 : (I°,0) —
(X, x0) are homotopic if and only if there is a path between fo(z) and fi(x).
The path is the homotopy. So 7o (X, z9)?? is the set of path components of X.
There’s no natural group structure on (X ), as we have said?3, but this is not
the case for 7, (X), n > 1.

For n > 2, we define a sum on 7, (X, z):

I/\ |/\

1
27
1.

I/\ |/\

9(281 - 1782a ) Sm)

(f+9)(51,.,8n) = { f(281,52, ..., 8n) i

i~ O

This sum is well-defined on homotopy classes, as one can check. This generalizes
the operation on 7y (X).

We can verify some properties related to the group structure of m,(X):
e The identity element is the (homotopy class of the) constant map.
e Inverses are f(1 — s1,82, ..., 8,).

Lemma 2.14.2. If f,g € m(X), n > 2, then f + g~ g+ f. Thus m,(X) is
abelian, while w1(X) is not!

Proof. For this proof, we give a brief sketch. Consider the pictures describing
how we manipulate the homotopy. In particular, we only need to modify the
first two coordinates:

22Note that the zg is obviously a vacuous condition.
23E.g. what is the “identity path component?”
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1

O

We remark that a map (I"™,01™) — (X, xo) is the same thing as a map (5™, s¢) —
(X, o). In this interpretation, f 4 g can be viewed as the composition (fV g)c,
where ¢ collapses the equator. The following picture demonstrates:

Thus 7, (X, zo) is the homotopy classes of maps

(I™,01™) (X, z0)
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Proposition 2.14.3. A map f : (X,20) = (Y,40) induces a homomorphism
fo i (X, 20) = mn (Y, 90). Moreover, if [ is a homotopy equivalence, then f.
s an isomorphism.

In other words, like w1, everything is functorial.

Next, let v : I — X and let f : (I",0I") — (X, ), where v(0) = zo and
~v(1) = 1. Define 8,(f) : (I",0I") — (X, z1) by shrinking the domain of f
and using 7 on raidal paths. Note when n =1, 3, f = 7 f~, so this is just the
change of basepoint isomorphism for higher homotopy groups. Let’s discuss a
few of its properties:

o If y~+ and f ~ f’, then 5,(f) ~ B, (f').

° ﬁv(f +9) >~ 67(f) + 57(9)-
Together, these properties tell us that we have a homomorphism j},; : 7, (X, 29) —
(X, 21). We further remark that

o By(f) = By (), and

e If ¢ is a constant path, B.(f) ~ f.
Together, these properties tell us that we have an isomorphism where ﬁm*l =
BW]].F‘urtherrnore, we can consider the special case when v is a loop; i.e., v(0) =

v(1). Then By, (f) =~ 5,5+ (f) implies that w1 (X, z¢) = Aut(m, (X, z0)), [v] —
By is a homomorphism. In other words, m(X,x¢) acts on m,(X,x0). Since
(X, 2p) is abelian, we can think of 7, (X, z¢) as a module over the group ring:

Zim (X, z0)] = {an (]| finite sum nyy € z} :

with module structure Y np[v] - [f] = > 14814 ([f])-

Lemma 2.14.4. A covering space projection p : ()~(7356) — (X, z0) induces
isomorphism on m, forn > 2.
In other words, covering spaces don’t simplify maps of S™, unlike n = 1.

Proof. Injectivity is the same as for n = 1; lift homotopies.
For surjectivity, S™ is simply connected for n > 2, so there always exists a
lift:

ey~
f (X7x0)

|r

(5", 50) —— (X,0)

Thus covering spaces don’t simplify the picture and make 7, any easier to
compute. O
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Corollary 2.14.5. If the universal cover of X is contractible, then m,(X) =0
formn > 2.

Example 2.14.6. 7,(S') = 0 for n > 2, since the universal cover is R.

Example 2.14.7. 7,(T™) = m,(S' x...x S1) = 0 for n > 2, since the universal
cover is R™.

Example 2.14.8. Let X = S'V S§%2. Then m(X) = @Z; mo(X) is in-
z

finitely generated. The universal cover is Christmas lights; clearly a sphere
can be mapped into every bulb. But, in the perspective of a module over a
ring, me(X) = Z[r(X)] = Z[t,t71], i.e., Laurent polynomials. See Example
2.14.22)

Proposition 2.14.9. The following are equivalent:

1. For all f : S™ — X, f is homotopic to a constant map; i.e., f is nulho-
motopic (Definition |1.51.4)).

2. Forall f:8™ = X, f extends to F : D"t! — X
3. (X, 20) =0 for all zp € X.

Lemma 2.14.10 (Extension Lemma). Given a CW pair (X, A) and a map
f A=Y withY path connected, there exists an extension F : X — Y,
provided that m,—1(Y) = 0 for all n such that X \ A has cells of dimension n.

Proof. Assume inductively that F has been defined over the (n — 1)-skeleton
of X. We can extend F' to the n-cell €™, if and only if the composition of the
attaching map ®, : 0D", — X"~ ! with F': X"~! — Y is nulhomotopic. This
is equivalent to F[®,] =0 € m,—1(Y). Thus, if m,—1(Y) = 0, such an extension
always exists. O

Example 2.14.11. Suppose A C X is a contractible subcomplex. Then
mn(A) = 0 for all n. Thus, the identity map on A, idsa : A — A, extends
to a retraction r : X — A.

Proposition 2.14.12 (Whitehead’s Theorem). If X and Y are path con-
nected CW -complezes and f : X — Y induces an isomorphism f, : m,(X) —
T (Y) for all n, then f is a homotopy equivalence.

Moreover, if f is the inclusion of a subcomplex X — Y | then'Y deformation
retracts** onto X.

Corollary 2.14.13. If m,(X) = 0 for all n, then X deformation retracts onto
a point; i.e., X is contractible.

Beware, however, the following nonexample:

24Recall Definition [1.58.6
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Example 2.14.14. Let our spaces be RP? and S? x RP*. Then 7, (RP?) =
Zy = m1(S? x RP*. Furthermore, 7rn(RP2) = m, (5% x RP*) for all n > 2,

as RP? = $2 and 52 x RP™ = $2 x S are homotopy equivalent, as S is
contractible.

However, H3(RP?; Z) = 0, while H*(S*xRP>; Zy) = @ H'(S% Z2)®z,

i+5=3

HI(RP®;Zy) = Zy®Zo, as H*(RP™; Zy) = Zs[a] implies that H/ (RP*°; Zy) =
Z,. Thus RP? and 52 x RP™ are not homotopy equivalent.

For Whitehead’s Theorem we must have the map f: X — Y
to induce the isomorphism.

Now we develop the tools to compute wn(Sk).

Proposition 2.14.15 (Cellular Approximation Theorem). Every map f :
X =Y between CW -complezxes is homotopic to a cellular map; i.e., f(X™) C

Y™ (Definition .

Corollary 2.14.16. 7, (S*) =0 for n < k, since we can have a nonsurjective
map.

Definition 2.14.17. A space X is n-connected if 7, (X) =0 for k < n.

Proposition 2.14.18 (Freudenthal Suspension Theorem). The suspension
map 7;(X) = mi+1(SX) with X (n — 1)-connected is an isomorphism for i <
2n — 1 and a surjection for i =2n — 1.

Corollary 2.14.19. The map 7,(S™) — Z given by [f] — deg(f) is an iso-

~

morphism. In other words, m,(S™) = Z.

Proof. For n =1, 71(S1) — m2(S?) is a surjection (i = 1 = 2n — 1).

For n > 2, 1,(S™) — m,41(S™™1) is an isomorphism (i < 2n — 1). Thus,
T, (S™) is cyclic for all n.

Since f ~ g implies deg(f) = deg(g) (Lemma , and for all d € Z,
there exists f : S™ — S™ such that deg(f) = d, |1, (S™)| = oo. Thus, 7,(S™) is
infinite cyclic, and is hence Z.

To see that this is an isomorphism, since m1(S') — Z, [f] + deg(f) is an
isomorphism, so are 7, (S™) — Z, as deg(f) = deg(Sf). O

We remark that we now know 7;(S™) = 0 if k¥ < n and 7,(S™) = Z.
However, higher homotopy groups don’t behave so nicely, as we will soon see.

Proposition 2.14.20 (Hurewicz Theorem). If X is (n—1)-connected where
n>2, then Hy(X) =0 for k <n and m,(X) = H,(X).

Equivalently, if X is simply-connected (1-connected), then the first nonzero
homotopy and homology groups are isomorphic and in the same dimension.

Corollary 2.14.21. 7, (S™) = H,(S™) & Z, as S™ is (n — 1)-connected.

Hurewicz tells us it holds for n > 2, but we also already knew that this
corollary held for n = 1.
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Example 2.14.22. Let X = S' Vv S2. Then the universal cover X is the
Christmas lights, which is homotopy equivalent to \/5’2; simply contract the
Z

line. We know that (X ) = m3(X) by Lemma 2.14.4|, and X is contractible,
so mo(X) = Hy(X) by Hurewicz [2.14.20, and Ho(X) = EBZ = Z[t,t7],
zZ

which acts on 71 (X) by shifting the line.
If o € m(X) is a generator, then « - "

= tnEl

Lemma 2.14.23. Let X be path connected. Then the following are equivalent.
1. X s contractible.
2. (X)) =0 for all n; i.e., X is n-connected for all n.

8. X 1is stimply connected and i[vn(X) =0 for all n; i.e., X is acyclic.

Proof. 1. implies 3. is obvious. Contract X to a point, and we know that
H,(point) = 0.

3. implies 2. follows from Hurewicz [2.14.20

2. implies 1. follows from Whitehead O

Definition 2.14.24. A fibration consists of

F——F

|»

B
where F' is the fiber, F is the total, and B is the base space, such that

1. for all b € B, p~1(b) is homemorphic to F. We say that E is a F's worth
of B.

2. for all b € B, there exists a neighborhood U C B of b such that p~}(U) =
U x F and, via this homeomorphism, p is projection onto the first product.
We say that B is locally a product, or locally trivial.

Example 2.14.25. The trivial bundle is

FF—— BxF

|

B
Example 2.14.26. A covering space (Definition [1.53.1)) is a fibration:

F—

< e
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Here, F' is a discrete space, with cardinality equal to the degree of the cover
(Definition [2.5.3)). That’s the stack of records condition.

Example 2.14.27. Another fibration is

I —— Mobius band

|

Sl

i.e., we have

Example 2.14.28. Yet another fibration is

X%Mf

|

Sl
g : : _ X x[0,1]
where, if f : X — X is a homeomorphism, then M; = /(x 1) ~ (f(z),0)
and the projection map is the ¢ coordinate mod 1.
In fact, the Mobius band is just My where f: [-1,1] = [-1,1],  — —=x.

Example 2.14.29. A further fibration is

Zy, —— S

l”
RP"

which we can complexify to get

Sl 82n+1

&

CP"
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where we recall that

CP" = {(Zo, vy Zn) € crtl | Z|Zz|2 _ 1}/

(Z()a ey ZTL) ~ )\(’U}07 "'7wn),
where A € S' C C;ie., [N = 1.

Example 2.14.30. In the special case of Example [2.14.29|above when n = 1,
CP! = 52 and we have

I
lp
SQ

This is called the Hopf bundle.
We make a few remarks about CP!.

Let CP' = Uy U U, where Uy = {[(20,21)] | 20 # 0}; any such

equivalence class can be represented by (1, i—;), and Uy = {[(#0,21)] |

z1 # 0}; any such equivalence class can be represented by (2—‘;, 1).

Each U; is homeomorphic to C. Then CP' = Uy U [(0,1)] = [(1,0)] U
Uy; ie., CP' = CU {0}.

Note that S C C?; so the map p(zo,21) = 2 € CU{oo}. In polar coordi-
nates, p (roei?, rie?t) = 20ei%=0) where ro? 4+ r,? = 1.

For a fixed ratio p = ’;—fl’, the angles 6y and 6; can vary independently over
S1, so this gives a “torus” T, = {(roe'®, r1e1)} C S3.

Letting p vary, we can fill % with tori, including the degenerate cases Ty =
{(0,e¥1)} and T, = {(e'%,0)}.

We can use stereographic projection from (1,0) € C? to visualize this in R,
since S%\ {(1,0)} = R?. Then T, corresponds to the z-axis, and Tj is the unit
circle in the xy-plane.

The fibration maps:

Ty — origin
T, — unit circle in C
T — infinity

T, — circle of radius 7.

Each torus T}, is foliated by circles with 6y — 6, for a fixed 6.

Given a few more minutes, this will show that 73(S?) = Z; the Hopf map
generates the third homotopy group.
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3 Index

3.1 Definitions

A

Attaching space - [2.2.11]

Basis - [.13.1]

Betti number -

Boundary homomorphism - |2.8.7

Boundary homomorphism, singular -
Bounded - [[43.9]

Bounded, pointwise - [1.45.5

Bounded, totally -

Box topology -|1.19.3
B(X,Y), the set of bounded functions from X to Y -[1.43.10]

C

Cantor set - [LB.1]

Cap product -

Cap product, relative -
Cauchy - [[.437]

Cellular map - [2.2.10

Cellular homology groups -
Chain complex - 2.8.12]

Chain complex, dual -
Chain group -

Chain group, relative - 2.8.42]
Chain group, singular -
Closed set - [[L12.3]

Closure - [LT17.3]

Coarser/Finer -

Cohomology groups - 2115
Cohomology groups with compact supports -[2.13.6

Cohomology groups with compact supports, simplicial -
Cohomology ring - [2.11.23]

Compact -

Compact, limit point - [1.28.9]
Compact, locally -

Compact, sequentially -
Compact convergence topology -
Compact open topology -
Compactification - [1.29.6]

Complete - [[.432]

Completion -

Component - [[.25.]
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Component, path -
Connect sum - [2.7.9]
Connected - [1.23.2

Connected, locally - [1.25.7]
Connected, locally path -
Connected, path -
Continuous - [[.18.2]
Contractible - [[L58.12]
Convergence - [[.17.13]

Countable, first - [1.21.2] [1.30.1
Countable, second - [1.30.4]

Cover -

Covering map/covering space -

Covering space action -

Cup product - 2I1.15

CW-complex -

CW-pair - 2.1.9]

CW -product -

CW-quotient - [2:2.3

C(X,Y), the set of continuous functions from X to Y - [[.43.11]

D

Deck group -[2.6.2

Deck transformation - 2.6.1]
Deformation retraction - [L58.6]
Degree of a cover -[2.5.3
Degree of a map -
Degree of a map, local - [2:8.61]
A-complex - [2.8.3]

Direct limit of groups -

Discrete topology -|1.12.5
Dual chain complex - R.11.4]

Embedding -

e-ball - [[20.2]
Equicontinuous - [I.45.4]
Euclidean metric - [[.20.9]
Euler characteristic - 2.9.1]
Evaluation map -

Exact sequence - [2.8:3§

Extension of a homomorphism (free products) - [2.3.5

F

Fibration - 2.14.24]
Finer/Coarser -
Finite complement topology - [1.12.6]
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Finite intersection property - [1.26.14]
First countable - [1.21.2] [1.30.1

Free product - [2:31]
Fundamental class - 2.12.11]

Fundamental group - [1.52.1]

Group action -[2.6.13
Group presentation - [2.4.7]

Hausdorff - [LI7.15

Heegaard splitting -
Higher homotopy groups - [2.14.1
Homeomorphism -

Homology groups - 2.8:14]
Homology groups, cellular - [2.8.66

Homology groups, local -|2.1
Homology groups, reduced -
Homology groups, relative - [2.8.43
Homology groups, singular -
Homology groups with coefficients - 2.10.11]
Homotopic - [1.46.12]

Homotopic, path -

Homotopy equivalence - [1.58.1]

I
ool
W
b

d

Induced map (cohomology) -(2.11.12
Induced map (fundamental group) -[1.52.6
Induced map (singular homology) - [2.8.32
Interior -

Inverse limit system - [1.B.5|

Isomorphism of covers - [2.5.19

K-topology - [T.13.§

Lift - [L54.7]

Lifting correspondence -
Limit point - [[.I7.§|

Limit point compact - [[.28]
Lipschitz constant -
Local degree of a map -
Local homology groups - [2.12.3]
Local orientation -
Locally compact -
Locally connected -
Locally path connected -
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Lower limit topology - [1.13.7]

Manifold - [1.36.11
Mapping cylinder - 2:2.12]
Metric space - [1.20.1]

Metric topology - [1.20.3
Metrizable - [[.20.5]

n-cell -

n-connected - 2.14.17
n-simplex - [2.87]]
n-simplex, singular -
Naturality -

Normal -

Normal closure - 2.4.1]
Normal cover - 2.6.7]
Nulhomotopic - [1.51.4]

Open map - [.I87F]
Open set - [1.122]

Orientation (on a manifold M) -[2.12.4]
Orientation (on R") -[2.12.1
Orientation, local - 2.12.1]

Orientation, R- - [2.12.9]

Partition of unity -

Path - [224.5]

Path component -

Path connected -

Path connected, locally - [1.25.§]
Path homotopic -

Path product -

Perfect - B3l

Pointwise bounded - [[45.5]
Pointwise convergence topology - [1.46.2]
Preimage - [[.18.1]

Product - [L19.2]

Product metric - [.20.15
Product topology -
Projection - [T.15.9]

Quotient map - [[.22.]]
Quotient space - [[.22.5]
Quotient topology - [[.22.3]
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R

Reduced homology groups - [2.8.30

Regular -|1.31.1
Relative cap product - [2.13.11
Relative chain group -

Relative homology groups - 2.8.43|
Retraction - [1.55.1l

Retraction, deformation - [1.58.6]
R-orientation - 2.12.90]

Second countable -

Section -

Semilocally simply connected -
Separation - [1.23.0]

Sequentially compact -

Set distance - [1.27.3]

Simplicial cohomology groups with compact supports - [2.13.4]
Simply connected -

Singular boundary homomorphism -
Singular chain group -

Singular homology groups -
Singular n-chain - [2.8:20]

Singular n-simplex -

Square metric - [I.20.10]

Standard topology (onR) -
Subspace topology -

Support -

Sup metric - [1.43.13]

Surface - [[L36.8]

Suspension - [2.2.5]

T

Taxicab metric - [1.20.11]

Tensor product - [2.11.28|
Topology - [L.12.1]

Totally bounded -
Totally disconnected -
Trivial topology -
Tuple - [T.19.1]

Uniform convergence - |
Uniform metric - [20.
Universal cover - [2.5.21]

kol[=
H
=
0

Wedge sum - [2.2.
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3.2 Appendix: Nice things to know, which may be fleshed
out more in the future

second countable

Metrizable == Normal =——= Regular ——= Hausdorff

compact
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